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PREFACE 


Turs Treatise on the Undulatory Theory of Optics was 
first printed in the year 1831, as the last Essay in the 
Second Edition of a series of “Mathematical Tracts ;” 
and was subsequently reprinted, oceupying a similar place, 
in successive editions of that work. 

At the suggestion of the Publisher, it has now, with 
my approval, been printed in a separate form. Its arrange- 
ment and details are however the same, without material 
alteration, as in the Fourth Edition of the “ Mathematical 
Tracts.” 

I am happy to state that the work has been passed 
through the press under the superintendence of Robert 
Morton, Esq., В.А. of St Peter's College. Every security 


is thus given for the general accuracy of the publication. 
G. В. AIRY. 


ROYAL OBSERVATORY, GREENWICH, 
1866, July 27. 


EXTRACT FROM THE PREFACE TO THE SECOND 
EDITION OF THE MATHEMATICAL TRACTS, 


“Tur Undulatory Theory of Optics is presented to the 
reader as having the same claims to his attention as the 
Theory of Gravitation: namely, that it is certainly true, 
and that, by mathematical operations of general elegance, 
it leads to results of great interest. With regard to the 
evidence for this theory; if the simplicity of a hypothesis, 
which explains with accuracy a vast variety of phenomena 
of the most complicated kind, can be considered a proof 
of its correctness, I believe there is no physical theory so 
firmly established as the theory in question. This can be 
felt completely, perhaps, only by the person who has both 
observed the phenomena and made the calculations; as to 
my own pretensions to the former qualification, I shall 
merely state that I have repeated nearly every experiment 
alluded to in the following Tract. This character of cer- 
tainty I conceive to belong only to what may be called the 
geometrical part of the theory: the hypothesis, namely, that 
light consists of undulations depending on transversal vi- 
brations, and that these travel with certain velocities in 
different media according to the laws here explained. The 


mechanical part of the theory, as the suppositions relative 
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to the constitution of the ether, the computation of the in- 
tensity of reflected and refracted rays, &c., though generally 
probable, I conceive to be far from certain. 

“The plan of this Tract has therefore been to include 
those phenomena only which admit of calculation. Many 
subjects are thus excluded (for instance, the absorption of 
light by coloured media) for which supplementary theories 
are still wanting. On the other hand, the investigations 
are applied only to phenomena which actually have been 
observed: as I have thought it useless to suppose imagi- 
nary combinations, where the real conditions of experiment 
offer so great variety. 

“The second investigation of the intensity of light re- 
flected from a glass surface, and that of the nature of light 
reflected internally and totally from glass, were written as 
a conjectural restoration of l'resnel's investigations, when 
his paper was supposed to be lost. That paper has since 
been found and published: the only alteration which it 
appeared necessary to make is contained in the note attached 
to the latter.” 


ON THE 


UNDULATORY THEORY OF OPTICS. 


ON UNDULATIONS GENERALLY. 


Prop. 1. To explain the nature of an Undulation, 


1. The characteristic of an undulation is, the continued 
transmission in one direction of a relative state of particles 
amongst each other, while the motion of each particle sepa- 
rately considered is a reciprocating motion. The disturbance 
of the particles from their state of rest, and their motion, may 
be in any direction whatever. 


2. For example: in fig. 1, let the line (а) represent a 
number of particles in their position of rest: and suppose 
that їп consequence of a disturbance they are at a given time 


Тїп the position (8): at the time 74-7, in the position (у): 


pre 
at the time T+ all , in the position (ô): at the time 7+ T 


in the position (e): and at the time 7'4- т, in the position (7) : 
and in intermediate positions at times Intermediate to these. 
At the time 7 the particles are in the state of greatest con- 
densation about a, о, and a”. Suppose we fix our attention 
on one of these condensed groups, as for instance that of 


which «' is the center. At the time Т +7 the center of the 


condensed group has glided from a’ to d, not by the motion 

of all the particles in that direction, but by such a difference 

of motions that the particles about a’ are not so close together 
1 


A 
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as they were, and the particles about @' are closer together 
: 2 5 
than they were. At the time Тү the point of greatest 


condensation has advanced to g’, precisely the point where at 
the time T there was the least condensation: at the time 


T+ z it has advanced to Æ: and at the time T +r, to a". 


The particles are now, it may be observed, in just the same 
state as at the time T, for a” was then the center of a con- 
densed group. After this, everything goes on in the same 
manner, beginning at the time T+ т, as it did beginning at 
the time 7. All that we have said with respect to the con- 
densed mass about а’ applies to those about a, a’, and а”. 
Now if these motions were really going on before our cycs, 
we should see several condensations (not the condensed par- 
ticles) passing uniformly and continuously from the left to 


the right of the linc of particles. 


But if we fix our attention on any one of these particles, 
we shall see that it has a reciprocating or oscillating motion. 


The particle а is advancing from T to 7 +, when it has 


С . E т, 
attained its greatest advance: it recedes then to 7 +: it 
then advances again. The particle d advances from T (when 


it is at its minimum advance) to T +27; it then recedes 
to T+7. The particle g recedes to 7 +7, then advances 


to T+ a, then recedes. And so for the others. The vary- 


ing state of particles which we have here supposed, satisfies 
therefore the conditions mentioned in (1), and therefore this 
is an instanee of undulation, the motion of every particle 
being backwards and forwards in the same line as the direc- 
tion of transmission of the wave*. 


* "This is the kind of undulation which in the air produces sound, and is 
the only kind which, till within a few years, was used for the explanation of 
the phenomena of Optics. 
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3. Аз another example, let (8), (у), (8), (€), (0), of fig. 2, 
represent successive states of the particles which when at rest 
were in the position (а). If we fix our attention on one of 
the most elevated parts, as for instance k, at T, we find that 


at Ty the elevation has passed to a’; at 7'4- = tod ЕХО... 


though the particles have had no motion whatever in that 
direction. And if these motions were actually before us, we 
should see several elevations passing uniformly and continu- 
ously from the left to the right. But if we fixed our attention 
on any one particle, we should sce that it has an oscillating 
motion above and below the line. The particle a for instance, 


is at its greatest elevation at T+, and at its greatest de- 
: 3 К 5 . А 
pression at 7' ue d is at its greatest depression at T, at its 


с 2 : аб 
greatest elevation at T xL and at its greatest depression 


at T'--7: and so for the others. This varying state of par- 
tieles is therefore another instance of undulation, the motion 
of every particle being at right angles to the direction of 
transmission of the wave. 


We might conceive more complicated cases of undulation, 
as when the motion of the particles is compounded of the two 
motions supposed in these two cases*; or when there is one 
motion simular to that represented in fig. 2 in the plane of 
the paper, and another perpendicular to that planet; Фе. 
The last of these suppositions is that to which we shall here- 
after refer the phenomena of polarization, and of Optics in 
general. 


Pror. 2. The length of a wave does not depend on the 
extent of vibration of each particle. 


4. It is easily seen that the interval between correspond- 
ing points of two waves of condensation in fig. 1 (which is 


* This is the kind of undulation which takes place on the surface of deep 
water in a calm. 
t This is the undulation of a musical string. 
ы ae 
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the distance from а to a’, а to a’, «с. at T, or the distance 
from d to d', d' to d”, бе. at T-£ 7, &c.) is wholly inde- 


pendent of the extent of vibration of each partiele. For if 
each particle vibrated only half as far as is now supposed, 
still at 7, а would be a point where the particles are most 
condensed, and a’ would be the next point where they are 
most condensed, and а" the next, «е. The interval between 
similar points of two waves (which we shall call the length of 
a wave, and shall always denote by the letter X) would be the 
same as at present: the only difference would be that the 
particles about a, a’, «е. would not be so closely condensed, 
nor those about g, 9', &c. so widely separated as at present. 
Similarly the length of a wave in fig. 2 would be unaltered 
if the vibration of the particles were altered m any ratio: 
the only difference would be that the elevation of the high 
points and the depression of the low points would be altered 
in that ratio. 


Prop. 8. The length of a wave depends on the velocity 
of transmission, and on the time of vibration of each particle. 


5. Inthe cases both of fig. 1 and of fig. 2 (and in every 
other conceivable case of a continued sequence of waves) we 
see that every particle has returned to the same state at 7'4- 7 
as at Т, that is, that the vibration of every particle is com- 
pleted in the time r. But in this time the wave has appeared 
to glide over a space equal to the interval between cor- 
responding points of two waves, or A. Hence we find, 


Space described by the wave in the time of vibration of a 
particle = A. 
А X 
Velocity of wave EET T et LS RENAL EE DIE нена 
time of vibration of a particle 
Pnor.4. To express algebraically the transmission of an 
undulation. 


6. The quantity for which we shall seek an expression is, 
the distance of any point from its point of rest, in a function 
of the time and of the distance of that point of rest from some 
fixed point. Let æ be the original distance of any point in 
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the line (a) from some fixed point: to find an expression for 
its disturbance at the time ¢, in a function of @ and t£, con- 
sistent with the conditions of an undulation. By the original 
description of an undulation (1), putting v for the velocity of 
the wave's transmission, it is easily seen that whatever be the 
state of disturbance at the time ¢ of a particle whose original 
ordinate is 2, the same state of disturbance must hold at the 
time ¢+¢' for a particle whose original ordinate is 2 + vt’. Or 
if $ express the form of the function, 


ф (x, t) must = $ ((z + vt), (t4 0)], 
whatever be the value of #, It will be found on trial that 
ф (vt — 2) satisfies this condition, ф being any function what- 
ever. For putting ¢+7 for t, and œ + vt for a, it becomes 


$ (v (+t) — (x vi] = $ (vt 2), 


the same as before. But it may be found analytically thus. 
Expanding the second side we have 


ф (20, 1) = ¢ (a, €) pin vt qe ES t+ &e., 


о 


К О ЖО 94.9 (2, ў 
ола zi dt =o; 
the general solution of which gives 


Фф G0) = $ (et = 2)*. 


7. This expression however is too general to be of much 
use to us, and we will choose a particular form that will be 
more convenient. Suppose we fix on this condition to deter- 
mine the form of the function: the vibration of each particle 
‘shall follow the same law as the vibration of a cycloidal pen- 


ж This is the expression found, by investigation from mechanical principles, 
for the disturbance of the particles of air when sound passes along a tube of 
uniform bore, or for the disturbance of an elastic string (as that of a musical 
instrument) fixed at both ends. 
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dulum. The distance of a cycloidal pendulum from its place 
of rest is expressed by 


a sin t/ 8) + с, or asin (nt+ О). 


The required function then for the disturbance of a particle is 
a n 
asin fr (vt — x) +4) 2 
For while we consider the motion of а single particle only, 2 
is constant, and the expression is 
a sin (nt + С), where C=A — = ; 
At the same time it is a function of vt— 2, and therefore 


satisfies the condition requisite for an undulation. We will 
therefore assume as the expression for the disturbance 


a sin (n +A). 


But it is plain that, without any loss of generality, we may 
get rid of A by altering the origin of time from which ¢ is 
reckoned, or the origin of linear measure from which 2 is 
reckoned, We may therefore take 


- ma 
G sin (n — j 
v 


as the expression for the disturbance when one undulation 
only (consisting of an indefinite number of similar waves) is 
considered. 


8. Aform somewhat more convenient may be given thus. 
The expression 


asin (nt — 77 + A) 


goes through all its periodical values while mt increases by 
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: С 2 2т . : 
27, or while £ increases by E : = is therefore the time of 


vibration of a particle. But by (5) 


lh CN СЕ 
~ time of vibration 2т 2r’ 
n 


2 ч 
Consequently = = , and therefore the disturbance 
* 
, 


=asin Ie (vt — x) +4} 
for which we may put 
asin Ба (vt — 2) 


when a single undulation only is considered. It is to be ob- 
served that a is the maximum vibration of any particle. 


Prov. 5. То explain the interference of undulations. 


9. Dy énterference is meant the co-existence of two un- 
dulations in which the length of a wave is the same. The 
conception of interference is not in any circumstances easyt, 
and it is more particularly difficult with regard to Physical 
Optics, from our ignorance of the physical causes to which the 
undulation is due. 


* This is the form of the function tacitly assumed by Newton for the dis- 
turbance of particles of air, in his investigation of the velocity of sound. (Prin- 
cipia, Lib. xr. Prop. 47). 

‘+ The simplest illustration is perhaps to be found in the crossing of two 
waves on the surface of water, each of which affects the surface in the same 
manner as if the other were not there. If we conceive two series of waves, 
produced by agitating the surface at two points, to spread in circular forms 
with equal and uniform velocities, and if one agitation was created a little be- 
fore the other, so that the wave proceeding from one has proceeded as far (in 
a given direction) as the hollow between two waves proceeding from the other, 
then it may be imagined that at every point where this holds, the elevation 
of one wave may exactly fill up the hollow of the other, and the surface will 
be, in fact, undisturbed, 
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10. *If we investigate, from the known properties of air, 
the motion of the particles (supposed parallel to a fixed line), 
we find this differential equation for the disturbance of a 
particle 

dX (EA 
;—U—.-—0 
“dé dx 
(0° being a constant, = жу in the common notation, and Х 
being the disturbance from the state of rest), and the solu- 
tion is 


X = ¢ (ot—2) +H (t+2), 


where the form of the functions is to be determined by the 
initial circumstances. Or if we suppose the wave of air to 
move only in one direction, the expression for the disturbance 
will be ф (v£ —2). And this may be divided into several dif- 
ferent expressions, 


ap (vt — ж) +x (vt — x) + v (vt а) + бе. 


where the form of each is to be determined by the initial cir- 
cumstances, or by the cause of the undulation. If there was 
only a single original cause for the undulations, there would 
be only asingle term 4 (vt — 2) to be preserved. But if there 
were several distinct original causes for the undulations, there 
would be a single term corresponding to each of these to be 
preserved, and the whole disturbance would be the sum of all 
these terms. And it is particularly to be remarked, that the 
whole disturbance thus found as the effect of all the original 
causes together, is precisely the sum (with their proper signs) 
of a number of disturbances, each of which would have been 
produced by one of the original causes acting separately. 


11. Nowif we examine to what this property of the solu- 
tion of the differential equation (namely that it can be broken 
up into several parts all similar to cach other and to the whole) 
is due, we find it is owing to the circumstance that the diffe- 
rential coefficients of w were raised only to the first power in 


* The reader who is not familiar with the investigation of the problem of 
Sound may omit the next three articles. 
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the equation, or (to express it in other words) that the equa- 
tion was linear. Jor tho differential coefficient of the sum of 
a number of functions is the same as the sum of the differential 
coefficients : but the square of the differential coefficient of a 
sum of functions is not the same as the sum of their squares, 
«е. Hf then the differential coefficients (and the unknown 
quantity itself if it enters in the equation) be all of the first 
dimension, the substitution of a sum of functions is the same 
as the sum of their substitutions separately, and therefore if 
each of those functions satisfies the equation, their sum will 
satisfy the equation. But if they are raised to a higher power, 
the substitution of the sum is not the same as the sum of the 
substitutions, and therefore if each function satisfies the equa- 
tion, their sum will not. 


12. If now we retrace the steps of the investigation for 
air, it will be seen that the linearity of the differential equa- 
tion depends upon this physical fact, that upon altering by a 
small quantity the relative position of particles, the forces 
which they exert undergo variations very nearly proportional 
to that small quantity. And in any other case where this 
holds, the equations will be linear; and the wave-disturbance 
of any particle, produced by a number of agitating causcs, 
will be the sum of all the wave-disturbances which these 
causes would singly have produced. We can hardly conceive 
any law of constitution of a medium in which undulations are 
propagated, where this does not hold, and we shall therefore 
suppose it to be true for light. 


13. Taking it then as a fact that the disturbance of every 
particle produced by two co-existent undulations will be the 
sum of the disturbances which they would produce separately, 
we will consider the nature of the disturbance produced by 
the superposition of two such undulations as those treated of 
in (7) and (8), each of which is represented geometrically by 
fig. 1, if the vibrations are in the direction of the wave's 
transmission, and by fig. 2, if they are perpendicular to that 
direction. For convenience of figure, we will suppose them 
of the latter class: but all that we say will apply as well to 
the former. . We will suppose the length of a wave the same 
in both undulations. In fig. 3, let the Italic letters of (о) 
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represent the state of an undulation, at the time 7, where the 
law of vibration is 
2 
а sin = (vt —a-+ А), 


and let (8) represent the state of another undulation at the 
same time where the law of vibration is 


b sin 27 (ot +B). 


If from any point in (о) we measure upwards a distance equal 
to the elevation of the corresponding point of (8), or measure 
downwards a distance equal to the depression of the corre- 
sponding point of (8), we shall determine the position of the 
Roman letters. Their distances from the straight line re- 
present the effect of the superposition of the two ‘undulations, 
This is evidently an undulation of the same kind, and with 
waves of the same length, as either of the others. But in the 
instance as we have supposed it, the addition of the undula- 
tion (8) to (a) has diminished the maximum vibration of the 
latter, and has made the maximum to exist at a different part 
of the line. Thus we see that the magnitude of vibration 
in an undulation may be diminished by the addition of 
another undulation transmitted in the same direction. This 
is a point of great importance, and deserves the reader’s at- 
tentive consideration. 


14. The geometrical figures which we have given are 
merely illustrations: the conclusion that we have arrived at 
will be more readily obtained from the algebraic expressions. 
Adding together the two disturbances 


a sin {т (vt — 2) + 4 and Û sin fr (vt — ж) + z) А 
we have for the whole disturbance 


(a cos A + b cos B) sin {т -(vt—c } 


+ (a sin А + b sin В) cos cd (vi —2 J, 


INTERFERENCE OF UNDULATIONS. 11 


This may be put under the form 
c sin 2 (vt — o) + o} 5 


if ccos C = асоз А + bcos B, csin Casin. A +b sin В. 


Tt is very important to remark that the square of c, the new 
coefficient, is the sum of the squares of the coefficients of 


sin f (vt — a)} and cos fr (vt — 2} : 
We shall have occasion frequently to refer to this theorem. 
Iu the present instance, 
& == а* +U + даб соз (A — В): 
and the quotient of c sin C by ccos C gives 


а sin Ab sin B 
acosA+bcos B ` 


tan C= 
The form of the expression 
c sin x (vt — x) + o} 


shews that the length of a wave is the same as in either of the 
undulations compounded; but the difference of value of C 
from A and B shews that the maximum of vibration for a 
given particle: does not generally take place with the same 
value of ¢ as for cither of the undulations compounded. The 
magnitude of the maximum vibration, which is ¢ or 


Ма? + 0° + 2ab cos (A — B)}, 


depends on the value of А — B: its greatest value is a+b, 
when 4 —.B = 0, and its least value is a ~ b, when 4 ~ В —180*. 
In these two cases C is equal to one at least of the two angles 


A and B. 


Pror. 6. To examine the effects of interference of two 
equal and similar undulations: and to shew that when one is 
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(p+4) x length of the wave behind the other (p being a 
whole number) they will destroy each other. 


15. In the case of equal vibration, a = 2. The value of 
c is then 


A ASE 
y (2+ 2а? cos (A — B)} = 2a cos E 
aid tants E a E ако 
. cos A + cos 5 2 2 


If A — B=0, the value of c is 2a, and C= A: that is, if we 
add two such undulations as (8) and (£) (fig. 2), we shall 
have an undulation in which the maxima are at the same 
plaees, and the maximum vibration is double what it was 
before. With any other value of 4L — D, c is less than 2a: 
and when B= A + 180°, c is 0, that is, there is no motion 
whatever. To understand this clearly, we must consider what 
is meant by the expression 


ac fis 
a sin 57 (vt — а) + | 
or, (in this case of destruction of the motion) 
. (2Qar 
a sin ics (vt —2) + A + т Р 
This is the same as 
NND X 
sin J— (vf —a@ С ? Я 
а in f (v в) + a} 
Now this is exactly the same expression as 
2 
asin [= (vt — а) +a} А 


: UAM Я : 
putting æ F = instead of а. That is, the expression for the 
disturbance in this second undulation, if B= A + 180, is the 
same as that in the first, provided instead of z we take œ F - . 


That is, one of Ше undulations may be represented by the 
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same construction as the other, provided we suppose it in ad- 
vance or in arrear of the other by half the length of a wave. 
The undulations (8) and (8), ox (y) and (e) in figures 1 and 
2 have this relation to one another. And it will very casily 
be seen in fig. 2, that if we compound (8) with (6) by a 
process similar to that which we used in fip. 3, (13), the 
elevations of particles in (8) will correspond to equal de- 
pressions in (8), and vice versd, and consequently by their 
combination tho particles will all be brought to their original 


position. The same will be true after the time i when (8) 


has been changed to (y), and at the same time (8) has been 
changed to (e); and at every other time: and thercfore there 
will be continued rest. Thus we arrive at the extraordinary 
conclusion that one undulation may be absolutely destroyed 
by another with waves of the same length transmitted in the 
same direetion, provided that the maxima of vibrations are 
equal, and that one follows the other by half the length of a 
wave. Since the retardation of a whole length of a wave, or 
two whole lengths, &c., produces no alteration in an undula- 


А LIR : А ЗА BA А 
tion, it is plain that а retardation of > ; E , «с. will produce 


= 20s 
the same effect as a retardation of 2 and thus two undula- 


tions will destroy each other if the maxima of vibration be 
the same and the waves be of the same length aud transmitted 


А А с : ^ 
in the same direction; and if one follow the other by RL 
3A 5A 


gee OF wo «е. 


16. Тһе reader із requested particularly to remark this 
apparently strange conclusion. It is of the greatest import- 
ance in Physical Optics, for the following reason. We shall 
refer hereatter to experiments which shew that the mixture of 
two pencils of light will produce darkness. This fact seems 
to defy any attempt at explanation on the supposition that 
light is occasioned by the emission of material particles. But 
in consequence of the conclusion at which we have just ar- 
rived, it is perfectly explicable on the supposition that light 
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consists of a series of waves of either of the kinds mentioned 
in (2) and (3), transmitted by some medium which pervades 
space. It is only necessary for perfect agreement that, in the 
two pencils which mix, the waves of one precede those of the 
other by spaces which may be represented by 


A 3۸ 5A 
PE or 3" or 3" &c., 


which is found experimentally to be true. Any other hypo- 
thesis, however, from which the same conclusion could be 
deduced would be, рийн facie, equally entitled to our at- 
tention. 


Pror. 7. To find the result of the interference of any 
number of waves. 


17. We have shewn in (14) the method of compounding 
the effects of two waves: the effect of several is found in just 
the same manner. Suppose for instance, the disturbance pro- 
duced by one undulation was expressed by 


а sin lx (vt — a) + 4 : 
X 
that of a second, by 
b sin i Gia) z}; 
that of a third, by 
.. (т 
esin f (vt — x) +2), &c. 


The sum of these is 


т 


9 
(a cos A -+b cos B +e cos H+ бе.) sin 4—— (vt — æ) 


27r 


+ (a sin A + sin B+ e sin B+ &c.) cos | T (ut =)! | 


which we will call 


Fen a (vt — 2 + G cos x (vt — 2) : 
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This, as in (14), may be put under the form 


c sin {= et - a) +0}, 


if F=ccosC, G—csin C; 
whence "eA (F* + G^, tan 0-$. 


In some cases, where the effects of an indefinitely great 
number of indefinitely small waves are to be combined, J’ 
and G may be found by integration: c and C are then de- 
termined by the same process as that just given. 


18. It remains now only to notice some cases of undula- 
tion not included in those already treated of. One is, that a 
single wave may be transmitted through a medium (as we 
know to be true with regard to air), and then our theorems 
about interference are not true. This however will not come 
under consideration, as there is reason to think that a single 
wave in air or in the medium of light would not produce the 
sensation of sound or colour. We shall generally consider 
the undulation as a succession of a great (but not infinite) 
number of waves. Another is, that the magnitude of the 
maximum vibration of a particle may depend on its situation: 
for instance, if waves diverge from a center, the vibrations 
must be more violent in the neighbourhood of that center 
than at a distance from it. ‘This will be represented by ex- 
pressing the extent of vibration at any time by 


v (®).ф (ot — 2), 


or by the sum of several such functions. Since two succes- 
sive waves here would not be equal, our theorem about inter- 


a. йы BAS 7 
ferences of waves lagging ao &c. would not be strictly 
true: but it is easily conceivable that, at a distance from 
the center of divergence, the neighbouring waves would be 
so nearly equal that our expressions would have no sensible 
error, f 


19. Another case is, the interference of undulations whose 


16 UNDULATORY THEORY OF OPTICS. 


waves are of different length. We know with respect to air 
that the velocity of transmission is the same for waves of all 
lengths: and we might expect the same to hold good with 
regard to light. We shall afterwards refer to experiments 
which appear to shew that this is not true. Still whether 
v be constant or not, it is impossible to unite two such 
terms as 


asin 27. (vt — а) + 4} and Û sin Ix (vt — a) + D ' 


so as to destroy the original form. We have seen (17) that 
when any number of waves is combined, supposing v and X 
the same for all, their sum contains no trace of the distinction 
of waves in which it originated; and fixing upon any one 
point, or considering w as constant, the vibration is there 


expressed by 
c sin 2 C x) 
„ы x) 


the same form as that for the vibration of a cycloidal pen- 
dulum. But the two expressions 


@ sin m +(4 — | and Û sin part Al == РЭ) А 


cannot be combined into that form, unless 2 5 =5 , which there 


is no reason to think true. The consideration therefore of 
waves of different lengths may be kept perfectly separate, as 
their ultimate effect will be the same as the sum of all their 
separate effects, without any possibility of their destroying or 
modifying one another. 


20. The reader is requested to attend to the conventional 
signification of the following terms. 


By a wave we mean all the particles included between 
two which are in similar states of displacement and of motion. 
For instance, in any one of the cases (8), (y), (2), (e), (5) of 
fig. 1 or 2, the particles included between b and b' form 
a wave: or those between f' and f" form a wave: &e. It 
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is easily seen that a wave includes particles in every possible 
state of displacement and of motion consistent with undula- 
tory vibration. 

The length of a wave we have explained to be the distance 
between two particles similarly displaced and moving simi- 
larly. "The interval, in time, of two waves (that is, the in- 
terval between the arrival of two successive waves at the same 
point), it will be recollected, is the ваше as the time of vibra- 
tion of any particle, (5). 


3y the phase of a wave, we shall denote the situation of 
a particle in a wave, considered as affecting its displacement 
and motion. l'or instance, b and 0’ in fig. 1 or 2, are in 
similar phases, because their displacements are equal, and 
their motions are also equal. But in (8) fig. 2, b and f are 
not in the same phase: for though their displacements are 
equal, their motions are in opposite directions. Similarly f 
and Љ are not in the same phase, for their displacements are 
different though their motions are equal. It is readily seen 
that particles are in the same phase when the distance be- 
tween them is a multiple of the length of a wave. 


We shall say that particles are in opposite phases when the 
displacement and motion of one are equal and opposite to those 
of the other. l'or instance, æ and g, or е and J", in (8), (y), (8), 
(e), or (£), of fig. 1 or 2 are in opposite phases. It is casy 
to perceive that particles are in opposite phases when their 
distance 1з an odd multiple of half the length of a wave. 

In speaking of waves where the displacement of a particle 
is represented by 


: D 
asin (T. (—а) +4}, 


we shall consider the are 


fr "c 4} 


аз Ше measure of the phase. 


When we consider a wave as extending over space in a 
direction different from that in which it is transmitted, we 
shall use the term front of a wave to denote a continuous line 


i£ 
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passing through all those points which are in the same phase. 
Thus in fig. 4, suppose that a series of waves of an undula- 
tion are passing from the side AB towards CD: and suppose 
that the line Z// passes through a number of points which are 
simultaneously in the same phase: then JF is a front of a 
wave. If at the same time GH be another line passing 
through a number of points which are simultaneously in some 
other phase, GH is another front of a wave. In considering 
space of three dimensions it is plain that the front of a wave 
will generally be a surface. 


21. We shall now state a principle of which we shall 
make extensive use in the calculation of Optical phenomena. 

The effect of any wave in disturbing any given point may 
be found by taking the front of the wave at any given time, di- 
viding tt into an indefinite number of small parts, considering 
the agitation of each of these small parts as the cause of a small 
wave which will disturb the given point, and finding by sum- 
mation or integration the aggregate of all the disturbances of the 
given point produced by the small waves coming from all points 
of the great wave. 

In demonstration of this principle it seems sufficient to say 
that the agitation of one part at one time is really and truly 
the cause of the agitation of another part at another time: 
and that the effect of the great wave, which really is a num- 
ber of small agitations, will by (12) be the sum of the effects 
of all the small agitations. 


22. A question now arises. What is to limit the waves 
diverging from each of these small sources of motion? The 
disturbance spreads generally in a spherical form, so that 
the front of each little wave is a sphere: are we to suppose 
the sphere complete, so that each small undulation is propa- 
gated backwards as well as forwards ? 


The following answer appears to be correct, but its appli- 
cation in several cases seems doubtful. The effect of each 
small wave must be limited by the same considerations which 
limit the effect of the great wave. Now we know, from the 
algebraical investigation, that a single wave may be trans- 
mitted along a stretched cord, or in air, without being fol- 
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lowed by another*. Ти this case it is plain that the present 
agitation of one point causes the future agitation of the points 
in the direction in which the wave is going, but of none in 
the direction from which it came. In figure 4 for instance, 
if a single wave is going from 4B towards CD, and if EF be 
the front of the wave at any time, then we know that the dis- 
placement in Æi is the cause of future displacement in GH, 

because in consequence of the existence of this wave there 
will hereafter be a wave at GH: but we know that the dis- 
placement in ZF causes no future displacement between HF 
and A, because, though the displacement in Z/ exists, 

there will hereafter be no wave between AB and Ef. If 
then we divide EF into a great number of parts, we must 
consider the displacement in | cach as causing a hemispherical 
or nearly hemispherical wave, which diverges only before the 
front of the great wave and not behind it. 


APPLICATION OF THIS THEORY TO THE EXPLANATION OF 
THE PHUNOMENA OF LIGHT WHICH DO NOT DEPEND 
ON POLARIZATION. 


23. We shall suppose that light is the undulation of a 
medium called ether which pervades all transparent bodies. 
Respecting the direction of vibration of each particle we shall 
make no supposition till we treat of polarized light, as the 


* The function X which expresses the disturbance may be discontinuous, that 
is, may be expressed by different algebraical forms for different values of vt х, 


(which we will call w), provided that Rr does not alter per saltum. For in- 


dw 
2r 
stance X=0 while w is less than b: X=a versin { x (0-0) from w=6 till 


w=b+): X=0 while wis >b+). This is a discontinuous function express- 
шо a single wave (since the particles are only disturbed when —@ is 


$ 7 z 2 XE 
>b<b+)). And it satisfies the condition just mentioned, since om is 0 
2 {2 
till ш=ф: its value is then @ = sin i x (w— j| from w=) to w=Ob+A, that 


MB 2 
is, it increases gradually from 0 to « x and diminishes gradually from a = 


Ux 
to 0: and when w is 254A, ES is 0. 
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results of this section are independent of the direction of vi- 
bration: to fix the ideas, however, the reader may conceive it 
to be of the kind represented in fig. 2. We shall suppose 
that a great number of similar waves follow without interrup- 
tion, and that the function which expresses the displacement 
of a particle is 


a, (ш 
авт (б-а) + 4}. 


When in our final results we have found the expression 


D 


c sin 0 Lia 
X A 


for the displacement of the particles touching a screen or touch- 
ing the eye, we shall assume the intensity of the light to be 
represented* by c. We shall suppose that the colour of light 


* We must take some even power of c to represent the intensity, since the 
undulation where the vibration is expressed by - 


2 
—csin v (vt —2) +0) 
differs in no respect from that whose vibration is expressed by 
9 
T€ sin {= (vt—2) + ot, 


except that it is half the length of a wave before or behind it. The propriety 
of using the second power may be thus shewn. If two candles giving the 
same light be placed near each other aud shine on the same screen, we say that. 
there is twice as much light as if one only were shining on it: and this may 
be regarded as the experimental definition of double the quantity of light. 
Now if the vibration excited by one of these be 


€ sin M @-#+с| 3 


and that excited by the other be 


€ sin for (ta) + DI Я 


( 


the whole vibration will be the sum of these, or 


2 
cy {2+2 cos (C—D)} sin (S а-а) Е, 
sin C+ sin D 


where tan Е Ca Pons D" 
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depends on the value of A, but that А is always very small: 
that for extreme red rays it is 0,0000266 inch: less for yellow: 
still less for green, blue, and indigo successively, and least for 
the reddish violet rays, for which X = 0,0000167 inch. Com- 
mon white light we shall suppose to consist of a mixture of 
waves of all lengths intermediate to these. 


Pror. 8. A succession of waves, whose fronts are parallel 
to the screen CD (fig. 5) in which is the comparatively small 
opening AL, is moving towards the screen: to find the mag- 
nitude of vibration on any point G of the semicircle CGD. 


94. Let JT be the center of AB and of the semicircle, 
and let ZG =r, CHG —0, HA =b: divide AB into a great 
number of small parts, and let the distance of one at Z from 
HT be z, and its breadth ба: then 


AG = у (7 —– 2r cos 0.2 +2. 


When a wave comes to AB, consider separately the parts 
corresponding to the small divisions of AG. Jt seems reason- 
able to suppose that cach of these small parts will cause a 
diverging wave of equal intensity for all values of 4. Vor if 
the medium were air, and a rush of particles took place as in 
fig. 1, from ZF, the only effect in the small part under con- 
sideration would be to cause a condensation of air: and this 
would cause a wave of equal intensity for all values of 0. If 
the vibrations were like those of fig. 2, and perpendicular to 
the plane of the paper, the same thing appears evident: if 


Tf the lights be represented by the square of the coefficient we have 


light from a single candle =e? 
light from two candles =2 + 2c? cos (C — D). 


The value of €— D may be any whatever, and it is probable that in one second 
of time, from different systems of waves following each other, cos (С – 2) may 
have gone through all its values many thousand times. To estimate the effect 
on the eye, we must take the mean of all its values, As the negative values 
are equal to the positive ones, the mean of allis 0. Thus we have 


light from two candles —2c?, 


By using the second power therefore we obtain a result which agrees with our 
experimental definition : and the sume would appear if instead of two candles 
we had taken three or any other number. But the agreement will not bold if 
we take any other power of the coefficient as the representative of the illumi- 
nation. 
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parallel to the plane of the paper, it is not so clear what the 
proportion of intensities would be. ‘Lhe maximum of vibra- 
tion when the wave reached G would, if it followed the same 


ИЕ 1 : 
laws as in air*, vary nearly as WG Now all the little waves 


* When a wave of air diverges symmetrically through any given solid 
angle, if 7 be the original distance of any particle from the center, r+w its 
distance at the time ¢, r+% the original distance of a second particle; then the 
distance of the latter at the time ¢ will be 


ruth (s + 4) 


nearly: and the particles which formerly occupied a volume proportional to 
rh now occupy a volume proportional to 
(rtu) (1 ге n 
drj 
or nearly proportional to 
du 2u du 
124. Oy и 2 aioe. 
(7 + 2ru) f (1+2 , or to 77h (2+ Е à). 


Consequently, if the elasticity be as the mt^ power of the density, the elasticity 
Д 


2u duNT 
é T =) 
rode 


б 2 Tu 
= original elasticity x (a -m ʻ -m a) nearly. 


=original elasticity x 


The original elasticity would support in opposition to the force of gravity a 
column of air whose height is ZZ. Supposing the section of the column to = 1, 
its volume is Æ, and its mass is Æ x mass of volume 1; and the original elas- 
ticity, estimated as an accelerating force, is 77 х mass of volume 1: hence the 
elasticity in the disturbed state 
2u Ti 

=mass of volume 1 x gH x E =й di 2) 2 
If then we take a portion of the column as disturbed, whose original length 
= Û, the excess of the clastic force at one end above that at the other 

Ju du 


d 
= mass of volume 1. mg//.k. ds (> + a) nearly: 


and the mass is mass of volume £: hence the equation for the disturbance of 


the particles is 
du TT d /2u EX o d (3u ‚ du 
e Е ATS) ae E, 


To solve this equation, let yar fou ; 
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which originate from the different points of AB are in the 
same phase: hence we may express the disturbance which 
the little wave from the part dz produces at G by 


97r eae \ 
x et Za). 


Te ies f 
cóz PES | 


а?у du dy d^u 
then ,=2ut7—; also —<= if 78 
dr? dr’ Ode" Jud! 
and the equation becomes 


d (1 dy ES d fl dy. 
dr Nr d) dr \r° drj’ 


1 dày ° dy 


} Ы „кей сү H" (y 
whence ©. p = Gtx (0, 
du „а?у " 
AU —— 1 
and ap? Gen’ (f). 


Solving this partial differential equation, 
y-r.x(0-$(ct—v) Y (+ » 
СОНУ, V (vt — yee HI VERSER 
and w= i (D- Toe Do dro = ад ae a EE 
2527 " В А 


7 7 pt ? 


If we suppose the wave to travel outwards only, 


il 1 
Ее 
u=; (vt DES TAG т. 
2т 
If $(w—7)-— -a cos ^ (vt — 7) +4), 


Pon vill E E 
ф' (vt — 7) will= X ЕЕ ат, 


and the disturbance 


This may be put under the form 


2 
c gin x (vt—7) A – c} Е 


dma? aN __2т@ LS у ^ 
where c= ~ ma t ч) == me +p) , and tan C= Ont. 


The expression for c shews that at а considerable distance the coefficient will 

: т ; 

be inversely as т: and as from r=0 to r—co, О decreases from — to 0, it 
2 


appears that the wave is accelerated as it goes on, and ultimately gains a 
quarter of the length of a wave on the space which it would have described 
with the uniform velocity v or y (mgA). 
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Expanding, - 
sin’ @ 


ZG =r—cosO.z+ a 2+ бе. 


2 


2 . 
If z be so small, and r so large, that 7 will never exceed a 
7 


fraction of А, (or even if it amounts to several multiples of А), 
the terms after the second may be omitted. ‘Then the dis- 
turbance produced by one little wave is 


c ez 


22 " 1 
n |= (ví —1 m 


and the sum of all the disturbances is 


eee m 
JE E: (vt аавв). 


Jn the integration we should produce по sensible error if we 
put r for 7G, and this makes the sum 


=, sin (sc (vt — r + cos. 2) à 


Integrating, it is 


ж ee s 6.2)! 
cos x C r + cos 0 JE 


тт cos Û { 


and taking this from 2=—0 to 2= + b, the disturbance at 
G is 

ex 
Zar cos Ü 


[eos {= (vt—r—cosé. | j = cos- = xi (vt—r4-cosQ. 2 


eX á 27rb cos 0 a a (vt 2 
` тт cos 0^ ; x ў 
This represents a vibration whose maximum is 


c á 9b cos 6 
ar cos Û ` A 


25. We shall now proceed to compare the values of this 
expression for different values of @. 
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Case 1. Suppose А much greater than 5. (This will 
generally be the case with sound, as for all audible sounds X 
varies from a few inches to several feet.) 


Here 
from its sine: putting the arc for the sine, the maximum of 
vibration becomes 


b cos . i 1 
2т ы will be a small are, and will not differ much 


cn Әт? cos 0 м 2c 
mr cos 07 X d yo 
which is the same for all values of 8. 


Case 9. Suppose X much smaller tham б. (This will 
generally be the case with light.) 


For the part nearly opposite to the entering wave, cos @ is 
very small, and 
ex . 2хтфсов@  2cb 


ar cos Q^ X vC 


In other parts the disturbance is 0 when 


9b cos Û 
zx dm o or = 2r, or = + ST, &c., 
that is, when ? 
X 2X ЗА 
со50 = + or=+—, or=+t—,«& 
= 9h? = 95° SIDA 


Hence there is a succession of points in which there is abso- 
lute darkness. Of the intermediate parts, the brightest will be 
found (nearly) by making 

27rb cos Ө 


x Sar il 


Sin 2 f 
(omitting the value an E + z) : 


: : S oim ех 
then the maximum of vibration is — og: Consequently the 
mr COS 


intensity of light at the brightest part of one of the bright 
portions is to that of the part nearly opposite to the entering 


n2 
c» 
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Nw 273 
CX 4c " 2 3 
wave, as ——;——— to —, or as A? to da”. 1°. соз? 8, or as 
qr" cos Ө )* 


2 2 

TT 0 і If Ы be so small as for light (for instance 
if à = 0,00002 and 6=0,1 inch ‚еы ) it is plain 

eee ДУ 95000000/° 1 ® Р 

that the value of this ratio will be extremely small when cos 0, 
has any sensible value, and we may say without perceptible 
error that, except nearly opposite to the entering wave, there 
will be eomplete darkness all round. 


26. Ifin the investigation we had included the terms de- 
pending on 2°, we should merely have had а very small addi- 
tion to 


2 
E (vt —  4- cos 6.2), 


and this addition would not sensibly have altered in value 
T€ 5 7 р 
while > (vt—r+cos0.z) increased by 27. It will easily 


be seen that in Case 1 this would have produced no effect, 
and in Case 2 the maxima of brightness and the absolute 
darkness would only have been shifted a little way; their 
number, relative position, and the intensity of light, remaining 
sensibly the same?. And if for ZG. we had put its more accu- 
rate value r—cos@.z, the terms added to the expression 
would not have been sensible. 


27. The conclusion in Case 2 may also bo obtained thus. 
In fig. 6 divide AB into a number of equal parts Aa, ab, be, «е. 


З : X 
such that the distance of A from C is less than that of а by >: 


that of a less than that of b by М, and so оп. The waves from 


corresponding parts of Aa and ар are, at starting, in the same 
phase. Consequently when they reach C, the wave from a 
part of Aa is in advance of that from the corresponding part 


* We shall hereafter consider cases in which these terms are sensible. 
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of ab by > , or they are in opposite phases, and therefore, by 


(15), they destroy cach other. Thus every part of 4a de- 
stroys a corresponding part of ab, and therefore the whole 
effect of Abis 0. Similarly the whole effect of dd is 0; &e. 
Thus if the number of parts be even, there is no vibration 
produced at 07: if it be odd, there is only the vibration pro- 
duced by the last of the small parts. But, for the position 
nearly in front of the wave, all the parts are nearly at the 
same distance, and the vibration is produced by the added 
effects of all the small waves coming from every part of AB. 
If Case 1 be considered in the same way, it appears that the 
difference of the paths of the waves from different parts of the 
opening is so small in proportion to the length of a wave, that 
all when they fall on G may be considered to be in the same 
phase, and therefore every part of the semicircle is in the 
same state of vibration. 


28. The conclusions at which we have arrived are very 
important as removing the original objection to the undula- 
tory theory of light. It was objected that if light were pro- 
duced by an undulation similar to that producing sound, it 
ought to spread in the same manner as sound: that if light 
coming from a bright point entered a room by a small hole, 
it ought (instead of going on straight to illuminate a spot on 
the opposite side) to spread through the room in the same 
manner as à sound coming in the same direction and through 
the same hole. "Phe answer appears in the results of the last 
investigation : the length of the waves of air is much greater 
than the aperture, that of the waves of light much less: and 
the same investigation which shews that in the former case 
the sound ought to spread equally in all directions, shews 
that in the latter the light ought to be insensible except 
nearly in front of the hole. We have reason to thiuk that 
when sound passes through a very large aperture, or when it, 
is reflected from a large surface (which amounts nearly to the 
same thing) it is hardly sensible except in front of the open- 
ing, or in the direction of reflection. 


29. Our conclusion with regard to light is also important 
as removing one source of doubt in several succeeding investi- 
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gations. In our ignorance of the law of intensity of the 
vibrations propagated from a center in different directions, 
we have supposed the intensity equal in all directions: and 
yet with this supposition we have found that when the aper- 
ture is much larger than A, there is no sensible illumination 
execpt nearly in the direction in which the wave was going 
before it reached the aperture. The same would be true if 
the intensity diminished according to some function of the 
angle made with the original direction of the wave. Since 
then the illumination is (as far as the senses will be able to 
judge) nothing, except the obliquity is small, whatever be the 
function, we may assume that function of any form most con- 
venient, provided that it does not alter rapidly in the neigh- 
bourhood of the original direction, and does not increase 
considerably as the angle of obliquity increases. 


30. From the result of this investigation it appears also 
that the motion of every small part of the wave 1s perpen- 
dicular to the front of the wave. For in fig. 5 that part of 
the wave which passes through the orifice AB illuminates 
only that part of the semi-circle which is defined by drawing 
& straight line perpendienlar to the front: and in the same 
manner if we had covered AB and opened another orifice, we 
should have found that the only illumination was on the part 
determined by drawing a straight line through the new orifice 
perpendicular to the front. In this we see the origin of the 
idea of rays of light. The reader is particularly requested 
to observe that this theorem is proved only by the demon- 
stration of the proposition above, and depends entirely on this 
assumption, that the waves of light move with the same 
velocity in al] directions. We shall hereafter speak of cases 
in whieh the motion of the wave is not perpendieular to its 
front. 


It will readily be seen that the whole of this applies as 
well to the motion of the small parts of a wave whose front is 
not plane. 


Prop. 9. To explain the reflection of light on the undu- 
latory theory. 


31. We shall again refer to the motion of sound for an 
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analogical illustration of this point. In fig. 7 let ABCD be 
the front of a wave (which for simplicity we suppose plane, 
every part moving im parallel directions) advancing in the 
direction BB’ or CC" and meeting the smooth wall C"D'. 
Then it appears from the investigation of sound* that after 


* Let х, у, 2, be the original co-ordinates of any particle of air: and at the 
time ¢ let them be z+ X, y+ Y, 2+4. Then the particle which originally had 
for co-ordinate «+ де will at the time ¢ have 


Гу, 
жЕкЕ А dz nearly; 
«х 


ог the distance between two particles in the direction of 2, which was origi- 


; IX 
nally д2, is, at the time é dz (1 +; 
а 


the directions of у and z which were originally dy and 62 are at the time 1, 


dY dZ 
oy ( +) and 3z (1+ ©: 
Consequently, the air which oceupied the rectangular parallelopiped whose 


sides were ба, dy, бї, now occupies the parallelopiped, nearly rectangular, 
whose sides are 


dX dy dZ 
Sz (1+ à) ду (1 + 2), бг e +): 


And if the clasticity (represented by the pressure upon a unit of surface) was 


) nearly. Similarly the distances in 


originally P, and varied as (density)”, С being nearly 2), the elasticity of 
o 
the air in this parallelopiped is nearly 
dX dY (А 
Je (1-» Lm DUM m à) 


This then is the expression for the elasticity of the air about that point whose 
co-ordinates were originally æ, y, 2: the alteration of elasticity being supposed 
small. 


Consequently, at the time £, the elasticity about that point whose co-ordi- 
nates were originally +h, y, % is 
dX dy dZ d dX dY dZ 
Р e Eur mb ау le ends ie ae (1 cmn it a m AR 


And therefore if there is a small parallelopiped whose sides were A, A, 1, the 
excess of pressure which urges 16 on in the direction of æ is 


d dX ү dZ 
-P a (a cn =] a - т r3 h. kt 


d (dX aF ал 
=mPhkl We (= dy m 2 
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any part of this wave, as BCD, has come in contact with the 
wall, it will proceed in the direction О", making with the 


And if W were the original weight of the air in volume 1, the weight of this 
parallelopiped is W.kkt. Consequently the acceleration in direction of x is 


hui RU. ( HEAT B 4 x acceleration produced by gravity 
Whit ° do \ de” dy dz Е d 
—UW ds 
d'x4 X) mP d (ж у dZ ) 
or ———- —— g гече). 


dê TW 06 (45 dy dz 


_nP d (dX aY | dZ , 
wW бє dy d 


Let JI be the height of a homogeneous atmosphere: by which we mean that the 
pressure P would support a column whose height is Æ and base 1, weighing W 
for every unit of volume: that is P—J//W. Then 


d'(z X) M CX m gł ах dY dM. 
de c age О а 0 ауа): 


and similar equations hold for y aud z. These are the general equations for 
the small disturbances of air. 


These equations cannot be integrated generally : but a number of different 
integrals can be found, adapted to particular purposes. For instance, putting 
aus LH =v 

ERATIS 
Ea, s-a 
X=—.- p'(vt-r)}+ = put т) 


ge 


eS d 
Е ==: y/(vt-- 7) و‎ (ut +7) 


where 7= NIC a) + (y - 06) (e—c) ; 


with similar expressions, mutatis mutandis, for Y and Z. This is the general 
expression for spherical waves going to and from the center whose co-ordinates 
are @ Û, c. 

Again X=cos a. p(ut— x cos a—y cos B — z cos у), 


Y —cos B. (v —2 cos a — у cos B — 2 cos y), 
4=cos у. G(tt —& соза — у cos B —z cos y), 
where cos? а + cos? 8 -- cos? ^; —1; cos a, cos f, cos y, being positive or negative, 


This is the equation for plaue waves going in the direction of a line which 
makes with æ, y, and 2, the angles a, B, y. 

lt is particularly to be remarked that the sum of any number of these 
solutions may be taken for one solution: and also that the functions may be 
discontinuous, with the limitation mentioned in the note to (22). 

Now suppose the plane wave to be interrupted by a wall, whose equation 
isx—c. Since the particles of air constantly remain in contact with the wall, 
we must have X=0 when z—0, whatever be the values of y and 2. № is plain 
that the form above given for X will not satisfy this condition, and that no 
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wall the same angle as CC", but on the opposite side of the 
perpendicular: and the front of the wave will be Б'О'ТУ, 
inaking with the wall the same angle as BCD, but on the 
opposite side: the extent of vibration &c. remaining as be- 
fore. And this appears to justify us sufficiently in the 
assertion that the waves of light may be reflected in the same 
manner. With regard to the smoothness of the reflecting 
surface, all that is necessary is that the elevations or depres- 
sions do not exceed a fraction of A. 


32. The following is a more independent method of 
arriving at the same result, and appears satisfactory. In fig. 
8 let ABC be the front of a wave going in the direction of 
ALA’. As soon as each successive small portion of this has 
reached the surface, we will consider it as causing an agita- 
tion in the ether next in contact with the surfaee, and will 
suppose that agitation to be the center of a spherical wave, 
diverging with the same velocity as the plane wave {see the 
note to (24)). Let us now consider the state of things when 
A has reached A’. B has reached B' some time before: and 
would at this time have arrived at D if not interrupted. 
Consequently it has diverged into a sphere ab whose radius 
= B'D. C reached the surface at a still longer time previous, 
and would at this time have reached Æ: it has therefore 
diverged into a sphere cd whose radius is CE. The same 


single function would do so. But with the addition of another function we 
may satisfy it. Thus, if 
X= cos a. ф(0 -xv cosa—y cos B —z cosy) 
—cosa. p{vt+ (c — 2c) cos a — у cos B —z cosy}, 
Y= cos B . p(T — ж cos a – у cos B —z cosy) 
+cos 8. $ {vi+ (x — 2c) cos a — y cos B —2 cos т), 
Z=cos y. g (vi-s cosa- y cos В —z cos y) 
. + cosy. фі + (c — 20) eos a—y cos 8 — 2 cos y). 
The differential equations are satisfied, and the condition X=0 when а= е is 
also satisfied. The first terms of X, Y, Z, taken together, express the original 
wave, whose direction makes angles а, Û, y, with x, y, 2; the second express 
the new or reflected wave, whose direction makes angles 1809 ~ а, 8, and y 
with 2, y, and z. This shews that the direction of reflection follows the law com- 


monly enounced as the law of reflection, The intensity of the reflected wave 
is Ше same as that of the incident wave. This is the theory of oblique echos, 
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holds for every intermediate point. If now we examine the 
nature of the front of the grand wave formed by all these 
little waves, we see that it must be the plane which touches 
all the spheres, and which evidently makes the same angle 
with QA’ that A'E or AC makes with it, but inclined the 
opposite way. The motion of the wave, which is perpen- 
dicular to this front, makes therefore the same angle after 
reflection as before. 


It must be remarked that this demonstration is in no wise 
affected if we suppose all the spherical waves to be accelerated 
or retarded by the same quantity. If then we should find 
occasion hereafter to assert that in some cases the direction of 
vibration is changed at reflection, or (which amounts to the 
same) that half the length of a wave must be added to or sub- 
tracted from the path after reflection, the demonstration of Ше 
law of reflection will not be invalidated. 


Prop. 10. To explain the refraction of light on the un- 
dulatory theory. 


33. We must assume that the waves are transmitted 
with smaller velocity in glass, water, &e., and in all sub- 
stances commonly called refracting media, than in what we 
call vacuum. This assumption appears in tho highest degree 
probable, whether we suppose the vibrations in the refracting 
media to be vibrations of the same ether, incumbered by its 
connexion with the particles of the refracting body, or we 
suppose the vibrations to be vibrations of the particles of the 
refracting body. 


34. Now in fig. 9, let ABC be the front of a wave 
going in the direction of AA’. As soon as each successive 
small portion of this wave has reached the surface CA’ of the 
refracting medium, suppose it to cause an agitation in the 
ether or the particles of the medium at that surface, and con- 
sider that agitation to be the center of a wave, which diverges 
in a spherical form in the medium with a less velocity than 
the velocity of the plane wave. Consider the state of the 
particles when A has arrived at A’. B has reached B' some 
time before: and would have arrived at D if not interrupted 
by the refracting medium. Consequently it has diverged into 
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a sphere ab whose radius is less than B'D in the proportion 
in which the velocity is diminished. Let œ be the number 
expressing this proportion: then 


B= ТЛ 
E 


Similarly C has reached the surface still longer before, and 
has therefore diverged into a sphere whose radius 


Co =} CL. 
H 

The same holds for every intermediate point. Now the front 
of the grand wave formed by all these little waves is evi- 
dently the plane which touches all the spheres; and there- 
fore makes with the refracting surface an angle whose sine 
00 
18 А“ ; 
tion of the wave (or the perpendicular to its front) makes 
with the perpendicular to the refracting surface: it is there- 
fore the angle of refraction. Consequently 


This angle is equal to the angle which the direc- 


in . refraction E» 
sin . refraction = ——-. 
CA 
^ CN PERS СЕ 
Similar] sin. Incidence = =—. 
y CA 


sin refraction бе 1 
sin incidence Ch uw 


Therefore 


95. It is easily seen that a similar demonstration applies 
when the waves are transmitted in the second medium with 
greater velocity than in the first: which we suppose to repre- 
sent the circumstances of light coming out of a refracting 
medium into vacuum. If in this case, fig. 10, the angle of 
incidence is so great that Ce (the radius of the wave di- 
verging from C) is greater than CA’, that is, if АА. p is 

АА 
sin A ЧЫ 


1 Soe Al 
—, or sin.incidence greater than K no plane can þe found 
Р : 


greater than CA’ or or sin ACA’ із greater than 


€ 
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which touches all the spheres. There will be no grand wave 
therefore: and the little waves causing displacements in dif- 
ferent directions will very soon destroy each other. Thus 
there will be no refracted ray. ‘This is a well known law 
of optics. 

It must be remarked that the demonstrations of (32) and 
(34) are not free from obscurity, for the reason mentioned 
in (22). 


36. There is another phenomenon attendant on refraction 
which we can explain but vaguely, though it is easily seen 
that the explanation is not without foundation. Тһе particles 
of ether next in contact with the glass, (if we suppose glass 
to be the refracting medium) communicating motion to the 
denser ether within the glass, may be considered as small 
bodies striking large ones. Now if they followed the same 
law as elastic bodies*, a certain motion would Де communi- 
cated to the large bodies, and the small bodies would lose 
their original motion and would receive à motion in the op- 
posite direction. ‘The motion of the struck bodies causes the 
refracted wave of which we have just spoken; the motion 
remaining to the striking bodies will cause a reflected wave 
in the ether, The magnitude of the reflection will plainly be 
diminished as the difference between the particles is dimi- 
nished. Thus refraction is always accompanied by reflection : 
and the reflection is more fecble as the vibrating media on 
both sides of the surface approach more nearly to the same 
state: that is, as the refractive index approaches to 1. This 
is experimentally true. 


37. If, however, the rays are passing from glass to air, 
we must represent the state of the particles by large bodies 
striking small ones. The small bodies receive a motion, 


* The motions would follow this law, if the particles acted on one another 
like those of air by condensation or rarefaction of the fluid between them: or 
in the manner which Fresnel supposes (to be alluded to hereafter): or in any 
way which makes the force equal at equal distances of the particles. We are 
not therefore making the forced supposition of particles impinging on each 
other. 
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which causes the refracted wave: the large bodies will pre- 
serve a part of their motion in the same direction, and this 
will cause a reflected wave. ‘Thus when light passes through 
glass there will be reflection at both surfaces. But there is 
this difference between the two reflections: one is caused by 
a vibration in the same direction as that of the incident ray, 
and the other by a vibration in the direction opposite to that 
of the incident ray. We shall find this distinction important 
in explaining a fundamental experiment (65). 


The same thing may be thus shewn. If we suppose a 
mass of glass to be cracked and the separated parts to be 
again pressed close together, there will be no more reflection 
than from the interior of a mass of glass: that is, there will 
be none at all. Still as there are really two surfaces in con- 
tact, each of which separately reflects, we must suppose the 
reflections to be of such a kind that they destroy each other. 
Consequently if the vibration from one reflection be in one 
direction, that from the other reflection must be in the op- 
posite direction. 


YQ 


38. We shall now state an obscurity in the undulatory 
theory of refraction which has not yet been entirely eluci- 
dated, but which does not appear to present any particular 
difficulty. The index of refraction we have found to be the 
proportion of the velocities of the waves i» vacuum and in 
the refracting medium. Now it is well known that, experi- 
mentally, the refractive index is different for rays of different 
colours, that is, for waves whose lengths are different. It is 
evident then that waves whose lengths are different are trans- 
mitted with different velocities either in vacuum*, or in the 
xefracting«medium, or in both. "Phe difference does not de- 
pend on the extent of vibration of each particle, for the refrac- 
tive index is the same for a bright light as for a feeble one, 
but merely on the length of the wave, or on the time of vibra- 


* Tf the velocities for different rays were different in vacuum, the aberra- 
tion of stars (which is inversoly as the velocity) would be different for different 
colours, and every star would appear as a spectrum whose length would be 
parallel to the direction of the Earth's motion. We know of no reason to 
think that this is true. 


O O 


9 
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normal to the other. If we confine ourselves to space of two 
dimensions, this is comprehended in saying that they have 
the same evolute. This applies equally to the motion of a 
wave in vacuum or in glass, or in any other refracting me- 
dium, provided that the velocity of a wave’s motion is equal 
in all directions. 


40. Suppose now (to fix upon a particular ease) a plane 
wave is received on a reflecting paraboloid whose axis is 
parallel to the direction of the wave's motion, or perpendicular 
to its front. In fig. 12 let AD be one position of the wave, 
АР! a succeeding position, and so оп. From (81) and (32) it 
appears that the front of each small part of the wave makes 
the same angle with the surface after reflection as before, but 
on the opposite side of the normal: and that consequently the 
line representing the direction of the wave's motion, and which 
is perpendicular to the front, makes the same angle with the 
normal before and after reflection. As all the lines represent- 
ing the direction of motion of different points of the wave are 
parallel to the axis of the paraboloid, those which represent 
the direction of motion after reflection. (by a well known 
theorem) converge to F the focus. Consequently the form of 
the wave, which by (39) is the surface to which all these lines 
are normals, is a spherical surface whose center is / ‘Thus 
then at one time 4 D' will be the front of the wave: ata 
later time BC will be the form of that part which is not re- 
flected, and A” D, D’C,the form of those parts which are 
reflected, the part incident at A’ having been reflected to A”: 
ata still later time, бе will be the form of the part not re- 
flected, and A’’B'b, D” C'e the form of the reflected parts, the 
part incident at A’ having been reflected to A”, and that 
incident at B having been reflected to B’, «е,: and when the 
whole has been reflected, all trace of the original form of the 
wave will be lost, and the existing form will be only a spheri- 
cal surface of which Fis the center. The concave spherical 
wave goes on towards F, contracting till it passes through 
that point, when all the different small parts cross, and 
then they form a diverging spherical wave of which F is the 
center. 


It is easily seen that an explanation of exactly the same 
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kind applies to the effects of refraction, the velocity of the 
wave being supposed to be altered in a given ratio as in (33) 
and (34), and the direction of the motion of each part of the 
wave being always supposed perpendicular to that part of the 
front. 


41. We have explained the motion of the wave after 
reflection or refraction as if the terminating edges of the front 
of the wave did not cause any disturbance beyond the line 
perpendicular to the front: as if for instance there were a 
certain disturbance all along the line A”B which afterwards 
arrived at A" B without causing the least disturbance in the 
ether beyond A”. This however is not true, and we shall 
hercafter take into account the effects of the lateral spread. of 
the waves. 


42. From the nature of the demonstration it appears that 
whenever all the small parts of a wave mect each other after 
reflection or refraction, they have described paths correspond- 
ing to equal times. In the case of reflection, this is the same 
as saying that the whole paths (consisting of the sum of those 
before and after reflection) must be the same for every point: 
but in the case of refraction a different statement is necessary. 
For if the waves move in glass (or other refracting media) 


ё 5 стот © о 
with a velocity which is — x that m vacuum, then the path in 


glass, as compared with that in air, is not to be estimated by 
its length, but by p x its length. And therefore when all 
the small parts of a wave mect each other after refraction, the 
sum of the path in vacuum and ш x the path in glass is the 
same for all. 


48. This principle may be advantageously applied in the 
solution of some problems. Suppose for instance it is required 
to find the form of a refracting surface BP, fig. 13, which 
shall cause the wave diverging from A to converge to C. 
The principle above mentioned gives us at once this equation, 


AP+m.PC=constant: 


which is the same as Newton’s in the 97th Proposition of the 
Principia. 
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44. A focus therefore may be defined as the point to 
which a spherical wave converges, or from which it diverges. 
It may also be defined as the pomt at which little waves from 
all parts of a great wave arrive at the same time. It will 
readily be seen that our demonstration and our definition 
include equally real and imaginary foci, in the same manner 
as the theorems and definitions of common optics. 


45. It appears from (40) that the wave, after converging 
to a point, diverges from it in the same manner as if that 
point were a center of excitation, or a source of light. In all 
experiments therefore in which it is wished to produce a 
series of waves diverging from a point, the image of the 
Sun’s disk, produced by a lens of short focal length, may be 
used instead of a luminous body. 


Prop. 12. A series of waves diverges from a point A, fig. 
14, and falls upon two plane mirrors BC, CD, inclined at a very 
small angle a, and touching each other in the line whose pro- 
jection on the paper is C: to find the intensity of illumination 
on different parts of the screen ZF where the streams of light 
reflected from the two mirrors are mixed. 


46. Let G bo the virtual image (determined by tho rules 
of common optics) of A, produced by reflection at BC: H 
that produced by reflection at CD. Then instead of sup- 
posing the light to have come originally from A, we may 
without error in our results suppose it to originate in two 
sources at Gand M. For the course of any part of a wave 
after reflection from*BC 15 just the same as if it had come 
from @; and the length of its part measured in a straight 
line from @ is the same as the sum of the paths of the in- 
cident and reflected ray, since the distance of A and of G 
from the point of reflection is the same (thus the part of the 
wave which is incident at N is reflected in the direction NAF 
which is the same as GN produced, by (32) and (39), and the 
length, of its path AN+ MN is the same as GM, since 
AN- GN). But that the circumstances may be exactly re- 
presented, we must suppose the fictitious wave to start from G 
at the same time at which the real wave starts from A, and 
to have the same intensity. Similarly we must suppose the 
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other wave to start from M at the same time and with the 
same intensity as that which starts from 4; and therefore at 
the same time and with the same intensity as that which 
starts from G The problem is therefore reduced to this: 
to find the intensity of illumination on the sereen when waves 
start at the same instant and with the same intensity from С 


and 4T. 


47. Join ŒH. bisect it in Z, and produce LC to meet 
the sereen in 0: let JZ be any point at a small distance from 
0; AC=a: CO=b. Since the angle between Ше mirrors 
is a, it is easily seen that С О7Г= 20. And since 


GC=AC =H, 


CL is perpendicular to GZ and bisects the angle "ОП, Con- 
sequently 


GL=LH=asina: and LO=acosa+ b. 


Then for the disturbance produced at M by the wave coming 

from G {taking the same expression as in (8) and (24)} we 

have 

a sae В 

И A А 
UN ) 

The variation in the value of GJZ is so small that without 

sensible error we may in the coefficient put GO or LO in- 

stead of GZ; and thus the disturbance produced at M by the 

wave coming from G is 


с М 9a Y 
To | x (vt — GM + 4) * 


Similarly the disturbance produced by the wave coming from 
If is 
27 


e f 
ЖО" ie | 


B however must be equal to A, because the waves on leaving 
C and И respectively are in the same phase at the same time 
(which is represented by putting 0 for GW and HM, and re- 


vt — HM + Bj 
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quires B to be the same as A). Hence the whole disturbance 
of the ether at M is 


15 [sim | PE t- gara 4) sin x T (ot HM + A. 


ET [27 GM 4+ ПМ } 
cos k (GM — им) ‚81 | x ا‎ CUNG ка ; 


and consequently, by (23), the intensity of the light at JY is 
represented by 


A ent | COM ud | 

I5 cos “Ек НМ). 
48. Now 

(М2 LO? + (GL + OMY = (а cosa +b) + (asin a + OMY, 


and consequently 
(asina + OMY 
acosa+b — 


GM —a cosa b+}. nearly. 


Similarly 
(asina — OM) 


nr — Д. 
HM -acosa-- b $. VENUES, E nearly : 
therefore 
GM-—HM- 2asina. OM авта DM nearly: 


acosu--b a+b 
and therefore the brightness at M is represented by 


Ac? Ir asma 
pem (es pom s oar). 


This varies according to the position of JZ 


(1) Suppose M to coincide with O: O37 —0: and the 


brightness is This is its greatest value. 


4c? 
(a +6)" 
ар 


(2) Suppose ОМ = + 


asina 4^" 
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2r asma 
Then DET 
А até 
and the brightness 
Ac! 
cos? — = 0 
~ (a a+ + 6)? ? 
or there is absolute К) 


(3) Suppose OM = + a+b 2X 


= osina 4^ 


2r asin ® 


‘Then =. —— OM= + т, 
a+b 


А 
and the brightness 
Ac? 4c? 
Ec DE e (a+b)? 


the same as when OM =0. 


(4) Suppose OM = + gm E 


Tod EL dis 


9m asma 
then ==. 
X a+b 


2 OM= +27, 


and the brightness 
4c? ч 

= —=-——— S е5 
(а + b)” و‎ 


or there is darkness. 
(5) Generally, if 


OM = + e RE Шш NE 
tSn a 


* " > 4 
the brightness has its maximum value ———7-;: 


and if OM — + (2n +1) a i 


there is blackness. 


OM. 
2 


p being a whole number, 


48 
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Between these values of OM, the brightness has interme- 
diate values. 


Thus it appears that there will be a series of points at 
equal distances along the line ZK, at which the illumination 
is alternately maximum and minimum, beginning at O where 
it is maximum; and that at the points of minimum illu- 
mination the light is actually evanescent. Now considering 
the screen as extended in the direction perpendicular to the 
paper, and observing that the investigation which applies to 
М applies to every point in the line perpendicular to the paper 
at M, it is easily seen that the appearance on the sereen is a 
series of bars alternately bright and black. 


49. We have supposed the plane of reflection to be per- 
pendieular to the edge where the two mirrors touch. Jf how- 
ever it had been inclined in any manner, the result would have 
been precisely the same. 


50. We have not yet considered the effect of a mixture 
of light of different colours in the same pencil (such as exists 
in white sun-light, and in most kinds of artificial light). Ac- 
cording to the suppositions made in (23) this is represented by 
supposing the light to consist of different serics of waves 
which may or may not be intermixed, the value of А being 
different for each different series: and by (19) these different 
series cannot affect one another, and therefore the effect of cach 
in producing illumination of its peculiar colour is to be con- 
sidered separately, and the sum of the cffects of all the illu- 
minations to be taken afterwards. 


51. Now if we examine the expression for the illumina- 
42 

tion, it will appear that at O the intensity is A what- 
ever be the value of A. Consequently, that point is illuminated 
by each of the differently coloured lights, with four times the 
quantity of illumination which there would have been if the 
hght from one mirror only had fallen upon it. But there is 
no other point in similar circumstances. For if we put W, А”, 
A”, &e. for the lengths of waves of differently coloured lights, 
№ being the smallest and corresponding to the blue light, and 
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€, с", C", &с. for the coefficient of displacement, and if we 


consider the point where QM — ——: — .—, we find 
«sna 2 
А ; bs v 4c” 
for the intensity of the blue light, Gab 
for the intensity of the next kind of light, к. 3 COS 
GES AU 


nmm ‘ 
T ry COS 259; 
(a + 0)? 2 Md 


and so on. Ifthey had been in the same proportion as in tlie 
light reflected from a single mirror, the intensities would 
have been 


for the intensity of the third kind of light, 


4c? deia ce 


(a +b? (a+)? (a+ 6)?’ &c. 


2 
The different colours therefore are not mixed in the same pro- 
portion as in the original light. The same may be shewn of 
any other point: and thus if the origmal light be white, no 
point of the screen will be illuminated with white light except 
the middle of the central bright bar. 

52. The same thing may be thus shewn, The breadth 
of the bright and dark bars for cach colour is proportional to 
the value of A for that colour (48). Consequently the bars ате 
narrower for the blue rays than for the green: narrower for 
the green than for the yellow; &c. by (23). The line passing 
through the paper at O is however to be the center of a bright 
bar ofeach colour. In that line therefore there will be a per- 
feet mixture of all ihe colours: at a line on each side there 
will be nearly a total absence of all: but beyond this the red 
bars will sensibly overshoot the yellow and green and blue 
bars, and the more as we recede farther from the center. Con- 
sequently the bars will be coloured, the bright bars being red 
on the outside and blue on the inside. And after two or 
three bars, the outside of the red bars will mingle with the 
inside of the next blue bars, and there will be no such thing 
as a black bar. This will continue as we recede from O 
till the colours become mixed in such a way that it is 
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impossible to distinguish the bars, and the whole is a mass 
of tolerably uniform white light. This indistinetness of bars, 
and ultimately their disappearance, always take place when 
one of the mixed streams of light has described a path longer 
than that of the other by several lengths of waves. In genc- 
ral, when white light is used, no bars can be seen where the 
length of one path exceeds that of the other by ten or twelve 
times the mean value of A. 


53. The quantity А, as we have mentioned in (23), is so 

Ў 2 Р 7 
small that it could not be made sensible to the eye. But 
sin « may be made as small as we please, and consequently 


——- A may be made large enough to be easily visible to 


the eye. It is by this and similar means that the lengths 
of waves for differently coloured light have been measured. 


54. The agreement of the facts of experiment with these 
conclusions from the theory is most complete. And this may 
be considered as the fundamental experiment on which the 
undulatory theory is established. It is pertectly certain in 
this experiment that the mixture of two streams of light, 
whether white or coloured, does produce black. The bars 
next the central white are remarkably black: and the dark 
bars beyond the next bright bars are also very black: and 
upon intercepting either stream of light all these dark bars 
become bright. It appears plain that no theory of emission 
of particles can explain this fact: and it seems difficult to 
conceive that any theory except that of undulations can ex- 
plain it. 


55. We shall occasionally have to mention the system of 
bright and dark bars described in (52). We shall generally 
call them the fringes of interference. 


56. The reader is particularly requested to observe that, 
when «+6 or the distance of G and HM from the screen is 
given, the breadth of the bars for any given colour is in- 
versely as а sin a (48), or inversely as СОА. And generally, 
the nearer together are the two sources of waves which inter- 
fore, the broader are the fringes of interference. 
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Prop. 13. A series of waves diverging from a point 4, 
fig. 15, falls upon the prism BCD, each of whose sides BC, 
CD, makes the small angle a with the third side: to find the 
intensity of illumination on different parts of the sereen J 
where the two streams are mixed. ў 


57. The investigation is exactly similar to that of the last 
proposition, with this difference only. By common Optics, 


AG = АН = CA (р —1) sin a nearly, = (ш – 1) a sin a nearly. 


In the former investigation we had GZ=L=asinz. Con- 
sequently where we find а sin а in the former investigation we 
may put (и — 1)@ sin a, and we shall have the correct expres- 
sion for this case. Thus the intensity of illumination 


де? a (27 (u—1)asina 
= = COS : a 
ery 1 a+b = 
and the interval at which the centers of the bright and black 
bars succeed each other is 
até А 
(w—1)asin a 4° 


58. The results are exactly similar to those obtained in 
(50), (51), (52), (the absolute breadth of the bars being dit- 
ferent) with the following exception. The breadth of the bars 
for different colours does not (as before) depend simply on А, 


but on 


Now ш varies with X: it is greatest for the 


blue rays or those for whieh X is least, and less for those for 
which X is greater, through all the different colours. Conse- 
quently the breadths of the bars formed by the different 
colours are not in the same proportion as before, but are more 
unequal. The mixture of colours therefore at the edges of 
those bars which are a little removed from the central bar is 
not the same as before; and after a smaller number from the 
center, the colours of the different bars are mixed with each 
other (52). 


Prov. 14. Suppose that in the experiment of Prop. 12 or 
13, Articles (46) to (57), a thin piece of glass PQ is placed in 
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the path of one of the pencils of light: to find the alteration 
produced in the fringes of interference. 


59. Let T be the thickness of the glass: and consider 
the case of Prop. 12, Article (46). It is plain that, as in.(42), 
the length of that portion of the path of one pencil which 
traverses the glass is not to be estimated by its lincar measure, 
but by p. x that measure, inasmuch as the motion of the wave 
is slower in glass than in air by that proportion, We must 
consider therefore that, instead of describing the space 7' in 
air, the wave describes a space equivalent to uT in air; and 
therefore the effect of the glass is the same as that of length- 
ening the path by (и—1) 7. Instead of HM in the expres- 
sion of (47) we must put 


FM + (w—3) T: 
and the intensity of light at M is now 
y 5 


Ac? 2 T р Яй т 
5: 008 ЕСЕ 7 jl 


which as in (48) is changed to 


де „ (27 /a sin а шей T): 
HDD seres, OM 7 7 Б 


and the places of maximum brightness are now determined by 
making 


a sina Bo s ; em 
тт QM S T=0, or =+ 


or by making 


a+b à 4b 
M= ЛУ гана И " = —— ‚„— 1 20 1 
a 24 Sn ® (u 1) р: (е 1) TEN, 


a+b 
е ж 
220 sma 


60. Now if и — 1 were the same for rays of all colours, 


it is evident that these expressions would be preeisely the 
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same as those found for the bright points in (48), increased 
by a constant 
a+b 
2asin a 


“aE 


That is, the whole system of fringes would be shifted towards 
K, without any other alteration. As u —1 is not constant, 
this is not strictly true: the fringes are shifted, but there is 
also an alteration of colour arising from the difference of 
spaces (not even proportional to the breadth of the bars) 
through which the differently coloured bars are shifted. 


61. It will readily be imagined that if a piece of com- 
mon glass were interposed, the lengths 


GM and HM + (u =1) T 


would, on account of the exceeding smallness of А, differ in 
every point between J and K by many multiples of A, and 
therefore (52) no fringes would be visible. The experiment 
may however be successfully performed by taking two pieces 
of glass from the same plate, whose difference of thickness 
will be very small, and placing one in the path of one pencil, 
and the other in the path of the other. But it may be better 
performed by taking a pretty uniform piece of glass, cutting 
it across the middle, and holding one half perpendicular to 
the path of one pencil, and the other half inclined to the path 
of the other. It is evident that the obliquity of passage pro- 
duces the same effect as the use of a thicker piece of glass: 
and by gentle inclination the difference of paths may be made 
as small as we please. 


62. The difference of paths is to be calculated thus. In 
fig. 16 let WXYZ be the path of a portion of the wave per- 
pendicular to one half, and ЛЕТУ the path of another por- 
tion (whieh for simplicity we suppose moving in a parallel 
direction) through the other half whose angle of inclination 
is B. Let 7" be the thickness. From 7'draw Zs perpen- 
dicular to 2S produced. Since the front of the wave in air, 
when the portion in question is incident at 8, is perpendicular 
to JS at the point S; and since, when the portion has 
reached 7, the front of the wave in air is perpendicular to 

A 
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TV at the point T; it is plain that the wave has advanced 
in the direction perpendicular to its front only through the 
space Ss. But the time which has been occupied in this 
progress is the time of describing ST in glass or ш. ST in 
air. Consequently the retardation (measured by the space 
which the wave would have advanced further, if it had moved 


ш air) 1s 
ш. 81 — 8s. 
And the retardation of the portion incident at Y is 
(и —1).XY or (u —1) T". 
Therefore the upper pencil is more retarded than the lower 


by 
u. ST— Ss — (u —1) T". 


The angle of incidence is 8: and if y be the angle of refrac- 
tion, 
TA 7 M 7 
к == ап 18а. 
cos y созу 
sinB. 


коша sin y? 


therefore the retardation 


-ríi sin 8 _ 08ع‎ (By) sing. 


sin y соз у cos у sin y 


== 20 (sie Ее p. gin? x) i 


2 
If 8 be small, 


s Dro 
sin E EE ey nearly, 


and the retardation 


cM (1 E » sinî Ê nearly. 


This is to be substituted for (~—1) 7 in the expressions of 
(59) and (60); and the resulting quantity 
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uud 177 (1 — » an 
ш 2 


asin д 


measures the shift of the central bar towards the side on 
which is the inclined glass. 


63. These conclusions are fully supported by experi- 
ment: and this is important as establishing one of the funda- 
mental points of the undulatory theory of Optics, namely that 
light moves more slowly in glass than in air. The whole 
of the investigation of the last proposition depends on this 
assumption. 


Prop. 15. A series of waves is incident upon two plates 
of glass separated by a very small interval (fig. 17) ; part of 
the light is reflected at the lower surface of the first glass and 
part at the upper surface of the second glass: and these por- 
tions interfere: to find the mtensity of the mixture, 


64. Let AB be the path of one portion which is refracted 
in the direction BC, and of which one part is reflected in the 
direction CD, while another part is refracted at C and falls 
on the second plate at Æ, is partially reflected to F, and par- 
tially refracted in the direction F'G parallel to CD. Draw FD 
perpendicular to CD. Then the path which one wave has 
described in going from C to D, measured by the equivalent 
path in vacuum, is р. CD: while that which the other has 
described in going from C to F (where its front has the same 
position as the front of that which has reached D) is 


CE + EF. 
The excess of the latter above the former is 
CH + EF— u.CD. 


Let D be the distance of the plates, y the angle of incidence 
at C, В the angle of refraction. Then 


GEE 
cos 8 
and CD = FC.siny =2D.tan8.siny; 
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sng, 


sin y ? 


also p= 


therefore the excess 
— 2D. 9Dsm B 
` cos B cos B 


If then the extent of vibration in the light reflected from C 
be 


== 9D cos В. 


A. sin e (vt — a} : 


where the distance ж is measured by the equivalent path in 
air; then the extent of vibration in the wave reflected from Æ 
will be represented by 


B sin = (vt — x — 2D cos 8| З 
and the whole intensity will be the intensity of the light in 
which the displacement of a particle is represented by the 
sum of these quantities. It must be recollected that by the 
reasoning in (37) we are entitled to suppose that the signs of 
A and B are different. 


65. We have here however omitted the considcration of 
that part of the light which is reflected from F to 27, again 
partially reflected at M and partially refracted at А: and the 
other parts successively reflected. It is plain that (putting V 
for 2D cos В) the part refracted at A will be retarded 2V: 
that at the next point 37: and so on. Now suppose that 
when light goes from glass to air, the incident vibration 
being 


.. {т 
a sin x (vt — 2) 5 
the reflected vibration is 
b.asm fx (vt mes 
and the xefracted vibration 


s (27r 
Р ee $ — 20); 
с.а SIN l (v J › 
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and suppose that when light goes from air to glass, the co- 
efficient is multiplied by e for the reflected vibration, and by 
f for the refracted vibration. Then if the coefficient for the 
light passing in the direction BC is a, that for the vibration 
reflected at C will be ab: that for the vibration refracted at 
1, асеў: that for the vibration refracted at K, ace’f: and so 
on, Thus the whole vibration 1s 


ab sin {= (vt — а) } + асеў [sin {= (vt — æ — T) 
? (27 _ ж (Chas 
+в (р —ж—2У)-Ь e“ sin x (vt —2 — 8V) +&e | 


LA 
К 
L 


E 


E sin {= @—»—У)| —é'sin Ix (0-2) 
sin ix (vt—a)t + afp 
1— 90? cos s v) Té 


We shall anticipate so much of succeeding investigations (see 
Art. 198 and 129) as to state that, whether the vibrations are 
in or perpendicular to the plane of incidence*, there is reason 
to think that 
e 2 
259 and cf = 1 — е. 
Using these equations to simplify the expression; resolving 
it into the form 


F sin Рт (vt — 2} + @ cos Рт (0#— 2) 


as in (17) ; and, as in (17) and (23), taking 7° + G^ to repre- 
sent the intensity, we find for the brightness of the reflected 
light 


Aa?e sin? (S y) Дае? sin? (= D cos в) 
o 


1—2¢ cos (= у) + ё (1 — ey + 4e sin? = D cos 8) 


* When there are vibrations of both these kinds, it is necessary to calculate 
the illumination from each, and to take their sum. 


66. 
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The supposition that we have made is that of a thin 


plate of air or vacuum inclosed between plates of glass, or 
mica, &c. But it is plain that the investigations apply in 
every respect to a thin plate of fluid with air on both 
sides: as for instance a soap-bubble. To examine particu- 
lar cases, 


(1) 


If D=0, the intensity — 0 whatever be the value of 
A. Thus it is found that where plates of glass &c., 
are absolutely in contact or very nearly so, there is 
no reflection: and when a soap-bubble has arrived 
at its thinnest state, just before bursting, the upper 
part appears perfectly black. 


The intensity is also 0 if 

X 9 

Deos B = > p A 5 

But when light of different colours is mixed, it will 

be impossible to make the light of all the different 

colours vanish with the same value of D, and thus 
no value of D will produce perfect blackness. 


&с. 


If D cos B 2ے‎ , and if we take the value of X corre- 


sponding to the mean rays (as the green-yellow), the 
intensity of light in the different colours will be 
nearly in the saine proportion as in the incident light, 
or the reflected light will be nearly white. But this 
will not take place on increasing the value of D, or 
the reflected light will be coloured ; till D is become 
so large that for a great number of different kinds of 
light, corresponding to very small differences of A, 


4.D cos : 
— has the values of successive odd numbers ; 


the different kinds of light will then be mixed in 
nearly equal proportions, and the mixture will be 
white. 


Pror. 16. In the circumstances of the last proposition, 
to find the intensity of the light refracted into the second 


plate. 
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67. It is readily seen that the cocfficient of the vibration 
refracted at Æ is a. cf: that of the vibration refracted at Z is 
a.céf: and во оп. Also the wave entering at Z7 is behind 
that which entered at Æ by the same quantity V as before. 
Hence the sum of the vibrations will be 


a.cf [sin x (vt — 2) + е? sin e (vt — a — v) + | 


2m 
1 — 2e’ cos im (+e 


Treating this in the same manner as in (65), the intensity 
of light is found to be 


a (1 = ey 


(1 — е)? + 4e sin? ns 


68. The proportional variations of this expression are 
much smaller than those of the expression of (65) ; its greatest 
a (1 c= ey 

LOU 
tions are however exactly the same: and in fact the sum of 
the two expressions is always =a. This is expressed by 
saying that one of the intensities is complementary to the 
other. This relation spares us the necessity of examining 
every particular case of the value of D. If for any partieular 
value of.D the expréssion of (65) is maximum for any par- 
tieular colour, that of (67) is minimum for the same colour: 
and soon. Thus if for some value of D the expression of (65) 
gave maximum intensity of red light, less of yellow, the mean 
intensity of green, less of blue, and nothing of violet (the 
mixture of which would produce a rich yellow): then the 
expression of (67) would give the minimum intensity of red 
light, more of yellow, the mean intensity of green, more of 
blue, and the maximum of violet (the mixture of which would 
produce a greenish blue diluted with much white). It is to 
be remarked that in the case of transmitted light the colours 
can never be so vivid as in reflected light, because none of the 


value being «^, and its least The absolute varia- 
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eolours ever wholly disappears, as no values of D and X will 
make the expression of (67) — 0. 


Pror. 17. Two glass prisms, right-angled or nearly so, 
(fig. 18) are placed with their hypotenusal sides nearly in 
contact: light is incident in such a manner that the angle of 
internal incidence at the hypotenusal side is nearly equal to 
the angle of total reflection: part of the light is reflected 
through the first prism, and part is refracted through the 
second: to find the expressions for the intensities. 


69. The investigations and results are exactly the same 
as those of Prop. 15 and 16: but this case deserves a par- 
ticular consideration for the following reason. In this case 
there is no difficulty (which there is in the others) in making 
the angle of incidence approach as near as we please to the 
angle of total reflection, and consequently no difficulty in 
making 8 (which is the angle of refraction from the first prism 
into air) as nearly = 90° as we please, or cos 8 as small as we 
please. Consequently /) cos 8 may be made extremely small 
without making D very small. Now if D cos В in Prop. 15 
and 16 were moderately small | as for instance 7 5% inch) , we 
might find about twenty different colours of light dividing the 
colours irom red to violet by tolerably equal shades, each of 
which, in consequence of the difference of their values of А, 
would make 


ә 
sin? es JD cos 8) =1: 


and between these colours, the expression would have all its 
changes of value. The mixture of light would therefore be 
produced by taking parcels from all the various shades of 
colour, and mixing them in the same proportion as in com- 
mon light; and therefore would be nearly white. But when 
D cos @ in this proposition is extremely small (for instance 
less than any value of №, or not many times greater), not 
one colour perhaps, or not more than one or two, can be found, 
for which 


sin? (FD cos в) =з 
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and thus there will be an excess of some colours, and the light 
will be strongly coloured. 


70. There is also another reason. Ву a small change of 
the angle of incidence we produce a small change in y; and 
d8 tang 


as — = 
dy tany’ 


this produces a great change in В (8 being nearly = 90°). 
Consequently the change in D соз 8 is considerable: and 
the expression for the intensity of light will be varied much. 
If then the light of the clouds fall in different directions on 
this combination of prisms, or if the sun-light be made (by a 
lens) to fall on it in different directions, the light both re- 
flected and transmitted will form on a screen bands of light. 
As the position and breadth of these bands are different for 
every different colour, the mixture forms a very splendid series 
of coloured bands, in which the succession of colours differs 
from that produced by almost every other phenomenon of in- 
terferences. The same effect may be seen as well if the com- 
bination of prisms be held to the eye: when the light coming 
in different directions to the eye will exhibit the bands in 
great perfection. 


Prop. 18. Two convex lenses of small curvature, or a 
convex lens and plain glass (fig. 19), are placed in contact: to 
find the intensity of the light reflected and transmitted at any 
point M. 


71. The two surfaces at M will be so nearly parallel that 
we may without sensible error consider them as parallel? : 
and therefore the investigations of Prop. 15 and 16 apply. 
Н is only necessary to find an expression for D in terms of 
OM, O being the point where the lenses are in contact. Let 


* As we shall suppose in the investigation that the separation of the two 
surfaces at JM is but a small multiple of А, it is evident that for the points 
immediately about M the defect from parallelism will produce an error amount- 
ing only to a very small fraction of А: and therefore the small waves in (32) 
will have their effects added together in the direction in which light is reflected 
from one of the surfaces, nearly in the same degree as in the direction in which 
it is reflected from the other surface. 
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r be the radius of the lower surface of the upper lens: 7’ that 
of the upper surface of the lower lens. Then D or the 
separation at M is the sum of the versed sines of two circles 
whose radii are 7 and 7’, to the ares whose chord is OM: 
and therefore 


ONE ОМ? 
ше у 


ду 
The intensity of reflected light (65) will therefore be 


nearly = OM”? (5 + =) : 


Aa?e sin? (s y) 


X 
mus ا‎ M 
(1 — e + 4d sin? (S v) 


and that of the transmitted light (67) will be 
“(1— еу 
ee Cheats (FE 7) ^ 
(1— ey + 4e sin (Gt 
© 1 1 
where V = OM”. соѕ В. е + 2) : 


(1) The reflected light vanishes when 
=O, Gy Ge SEES ео; 


or when 
" X sec se ЗА 8 
Uim оао pp ШО Wd 
1 1 1 al 
codcm Supe mm 
r r r r r n 


Consequently for any particular colour there will be 
a dark spot at O and a series of dark rings of which 
O is the center, and the squares of whose diameters 
are in the proportion of 1, 2, 3, &e. 


(2) The most brilliant light is reflected when 
X sec В ... 9X sec B ._ X sec 8 


oj 1. ASÊ р EL 
2 ez) xz) (+5) 
da 7 27 2 Ж g 


, “с 


(6) 
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Consequently between the dark rings there are bright 
rings, the squares of the diameters of whose most 
brilliant parts are in the proportion of 


er 

57 9? 5° Ke. 
The diameters of these rings are ceteris paribus as 
(sec 8). Consequently on inclining the incident 
тау, or on depressing the position of the eye by 
which they are viewed, the diameters of the rings 
increase. 


For differently coloured rays, the diameters of the 
rings vary as /(X). The different colours which аге 
mixed in white light produce therefore a series of 
rings whose diameters are different, and which over- 
lapping each other produce a series of colours analo- 
gous to those mentioned in (52). The colours at 
last become mixed to such a degree that no traces of 
rings are visible. 


The diameters of the rings vary, ceteris paribus, as 


Д TET: 
To make the rings large, therefore, 2 ty must be 
small, or т and r’ must be large. If the lower glass 


be plane, or Du 0, the diameters of the rings vary as 
D 


The transmitted light, just as in (68), produces rings 
complementary to those produced by the reflected 
light. The center therefore is bright, and is sur- 
rounded by a dark ring, which is followed by bright 
and dark rings alternately, which soon become co- 
loured and finally cease to be visible. The diameter 
of each ring is the same as that of the ring of oppo- 
site character produced by reflected hght. 
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72. These are commonly called Newton’s rings, from the 
circumstance that the measures which suggested the most im- 
portant part of Sir Isaac Newton's theory of light, and which 
have served in a great degree for the foundation of all theories, 
were made by him on those rings. The colours of the succes- 
sive rings, arising from the different mixtures of all the colours 
producing white light, are commonly called Newtons scale of 
colours. In describing them it is usual to describe them by 
the number of the ring (including the central spot in the 
reckoning) in which they occur. For instance, the blue of 
the second order is not the blue which surrounds the central 
black spot, but the blue which surrounds the first black ring. 
This scale is valuable, as giving us an invariable series of 
colours which can at any time be produced without difficulty. 
The colours described in (52) as resulting from the experi- 
ment of Prop. 12 (46) would do as well, but the adjustment 
of the apparatus for that experiment is much more trouble- 
some. 


Prop. 19. Light diverging from a center A (fig. 20), is 
allowed to pass through a small aperture GC: to find the illu- 
mination on different points of the screen DE. 


73. Suppose the wave diverging from .4 to proceed in a 
spherical form till it reaches CB: there suppose every part of 
it (within the limits of the aperture) to be the origin of a 
little wave proportional in intensity to the superficial extent 
of that part. By the principle of (21), the sum of the dis- 
turbances which each of these produces at M is to be taken 
for the whole disturbanee there: and this being found, the 
intensity of light will be found as in the preceding problems. 
Draw AO perpendicular to the screen, and consider it as the 
axis of 2, A4 being the origin: let æ be in the plane of the 
зарег perpendicular to A О, and y perpendicular to the paper. 

et AB = a, АО = a +0: (then 6 is very nearly the distance 
of the screen from the aperture:) let æ, y, and z be co-ordinates 
of any point P of the wave, and p and ф co-ordinates of any 
point М of the screen in the directions of 2 and y (that in the 
direction of z being a+b). Suppose the front of the wave 
divided by lines perpendicular to the paper into naxrow par- 
allelograms, 2 and 2 + 8z being the co-ordinates of two of 
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these lines: and suppose the parallelogram whose breadth is 
ôx to be divided into small parallelograms by lines parallel to 
the paper, the co-ordinates of two lines being y and y+ dy, or 
the surface of the small parallelogram formed by the mtersec- 
tion of these with the others being бш. ôy. Then the displace- 
ment which the little wave originating at this surface would 
cause at М will be represented by 


5T { 8 ри) 


Now PM? (р-а) + (0—0) + (0+0 2), 
which, since +y 2 = а?, 
із =(a+ b) + а +p’ + 9 — 2р —2qy — 2 (at 0) е. 


. a gf 
- D. 2 . УТД ЙГ? 
But z =y (d — x a е estis 


as æ and y are supposed to be small even at their greatest 
values: therefore 


b 
БОО ДЕЕ ж ee UE 
a a 
RL E. a+b, 
and PAL’ = + р +7 Bw Spe соу — 200, 
whence 
pup PRE OED ep er oed 
Hora FIUNT ane Mery Ae 
TR Ar P s TA 
ND a wt 
a+b “| 
+з Cares, : 
E 


в 
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then the displacement caused by the little wave is 


о [Ege ff a+b ар Y _atb ag 
Be By sin E fu-B- 2ab ЭБ 2ab E 243) | 


| 
) 
=Biv.by.sin Т (iB). сов B ш Sla c d. } | 


хаб | zy Td 


д.87. wet vt). sin Е ae £) oe c 


Call this ёю. ду. И: and let v be the sum of all the dis- 
turbances for the slice between the lines whose ordinates аго 
wand a + 20: w that for the whole surface. Since v increases 
by ôx. W. èy upon increasing y by ôy, 


m — ultimate value of к == дж. W, 
dy д 


whence v= öz f, W. 


This integration is to be performed, and the limits of the values 
of y for the integral will be expressed in terms of 2 from a 
knowledge of the shape of the aperture. The effect of the 
narrow parallelogram being v or Sx f, HV, it is found in the same 
киш that the effect ee “the whole aperture is fJ, WV. As 


sin = T (vt — В) and cos 21 T (vt— В) are not concerned in the 


integration, the whole displacement may be expressed thus: 


Это т a+ (00 ү ag | 

sin Z (ot B) Jaf, cos| 2. eb (e zh) 0-20 
а za 

— cos 27 (ut Df, дех. 4 e 23 жор |. 


Let the integrals be Æ and F: then the whole displace- 
ment 


= Esin = (vt В) — F'eos (ut B), 


and hence {аз in (14), (17), and (23)} the illumination is re- 
presented by 2° + 2". 
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74. Now 
[т си | т atb =, 
= Zu n: py po т: е m 


— si е 2 — T x sin 17 eae 4 IE 
HON wy ( a+b UN ab (v - ath 
proceeding therefore according to the precepts of (73), the first 
thing to be done is to find 


т ath aq | a+b aq y 
Ј, cos EC | and fines ^ a , 


These integrals cannot generally be found in terms of y. 
Tables however have been formed expressing the numerieal 
value of the integrals, 


2 
=. BE 
and f, sin = 5 


Кта 
facos 3 


for different values of s, and there is no difficulty in applying 
them to the numerical expression of the first integral in our 
problem. But as the integral thus found is given in num- 
bers, and not in an expression involving y and which can be 


* Suppose V to be the function of unknown form which is the integral of 
Sa given function of s. ‘Then the values of U corresponding to $— A and s+h 
are 


P. dU 12 dy M 


Р E 
d U; ОЕ 702 д ур 
ас ds Ко Ui EU mee 


and. therefore the value of the integral from s — A to s +h is 


2471 du mM 
h+2 gu . 575+ + &c. 
eS M 
9 o 48 
ог 28h +2 a 57 gt e. 


which can be easily calculated : and by taking A small enough, one or two 
terms will be sufficient. In this way the values of the integral can be com- 
puted for successive limits, and the sum will be the integral up to any given 


2 
TS. will be given at the end of 


value of s. А table of f; cos - = and fi sin =; 


this Tract. 
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expressed in terms of æ, it is seldom possible to perform the 
second integration. 


75. In certain cases however this may be effected. For 
example, suppose the aperture to be a parallelogram whose 


sides are 26 and 2f in the direction of x and y, the line AO 
passing through its center. Let 


sit aq у EE 
—MÁ (oz S|) Sa 
a+b Be 


А aq _ Aab awe rab 
uus qune MAD a ae ш Slay 
Р T а+0 aq | » Хар cos 8. 
s dyes T ab = аа 7 
and this is to be taken from у = – to у= + f, 
ог 
К - 2 (a+b) 2) 
from s=-4/| oO} (fe zu 


ee Bt) Go) 


This will be the sum of the two numbers, in the table of 


f; сов ~ , corresponding to 
m 2 (a+b) aq ) 
224 Aab Hr 
= 2 (a + D) aq 
and A – 20). 


Let these be 4,, A,: and after proceeding in a similar way for 


2 
the sine, let the numbers in the table of f, sin oe correspond- 


LS 


ing to 
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PP Pg E 


bé E, B;. 
Then Е = 


iv ү 95) “4, EL rc E b 


)) 
- терү o Bos (E. ЕЧ 2- گے‎ JH 
7) 


In the same manner F= 


[|t] tont 8) 
* Af rec] (B, + B) eos &. "PE 


Integrating with respect to а in exactly the same manner 
between ن‎ 0 and c= a n putting A,, A, for the 


numbers in the table of f, cos > corresponding to 
2(a+6)) 2) 
s= / کی‎ hab je tab 
A (a+) ap 
and T ab (e- 222), 


апа B,, B, for those in the table of f, sin ш corresponding to 


the ваше, 


т aab f ۴ 

B= тру AF Ae) (4, 4) - (B+ E) (B, 2], 
ga 2 (d+ 42 0B) DB) (4,7 4)]- 

The intensity or Z’ + F° 


- Im fu, £A + (B, +BY}. [(4,+ ay (B+ By} 


m 
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This expression (omitting the first factor) is the product of 
two factors, of which one depends entirely on g and the other 

depends entirely on p. If a certain value of p makes its 

factor small, every part of the screen for which p has that, 
value will have a small intensity of light. A similar remark 

applies to the values of g which make the other factor small. 

Thus the sereen will be crossed by bars of light of different 

intensity at right angles to each other. 


*75. A nearly similar investigation applies to the in- 
vestigation of the intensity in the shadow of an opaque paral- 
lelogram with free passage for the light on all sides. It will 
be found that it is crossed by bars of light, the central bars 
being white. 


76. Our limits will not allow us to examine in detail 
these cases. The discussion of the values for particular values 
of p and q depends entirely upon examination of the nume- 
rical results: and this must be done for a great number of 
values of p and у before any conjecture can be formed as to 
fringes, &c. about the edges. One of the simplest cases is, to 
find the intensity of light produced by the shadow of a plate 
bounded by a straight line. If y is parallel to the edge, and 
æ for the edge = 0, then the limits of the first integration are 


from у=— to у= + о, 
and those of the second 
from 220 to x= om. 


This case has been fully considered by M. Fresnel, and he 
has arrived at this conelusion. If a plane be drawn through 
the bright point and the edge of the plate, and if the inter- 
section of this with the screen be called the geometrical 
shadow: then on the dark side of the geometrical shadow 
the intensity of the light diminishes rapidly without in- 
creasing at all, and soon becomes insensible: but on the 
bright side the light inereases and diminishes by several 
alternations before it acquires sensibly its full brightness, 
forming a succession of several bands on the bright side of 
the geometrical shadow. And as, for the same point, the 
limits for which the tabular numbers are taken are different 
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. for different values of A, and as the factor of the whole varies 
with A, the intensity of the differently coloured lights will be 
differently proportioned at different points, and thus the bands 
will be coloured, nearly as in (52). This phenomenon, known 
by the name of Grimaldi’s coloured fringes, had long been 
observed, and an imperfect explanation was given by Newton. 
In Fresnel’s Mémoire sur la Diffraction it was shewn, from 
accurate measures with various values of a and b, to be a con- 
sequence of the theory of undulations (Mémoires de U Institut, 
1821). 


77. Another instance is, if the form of the plate be a 
square corner, then besides the bands on the outside of the 
geometrical shadow there are seen within it hyperbolical 
curves as in fig. 91. The accurate investigation* may be 
performed as above: but a general explanation may be given 
thus. Let P and Q be points similarly situated on the two 
sides: the small waves diverging from their neighbourhood 
would, as in (48), produce bands by their interferences; and 
the breadth of these, by (56), would be inversely as the dis- 
tance of P and Q. Consequently the nearer P and Q are 
taken to the solid angle, the broader will the bands be, and 
their form will therefore resemble the hyperbola. In this we 
have omitted the effects of interference of other portions of the 
light nearer to and further from the angle, but as the omitted 
parts would at different points produce effects nearly similar, 
it is probable that the gencral form of the curves will bc 
similar to hyperbolas. 


78. Another instance is, if the light fall on a very narrow 
slit, coloured bands of much greater breadth are thrown on 
the screen. ‘Lhe second casc of (25) sufficiently explains their 
origin. If the slit be triangular, it is observed, (as was first 
remarked by Newton), that the bands are rectangular hyper- 
bolas, the asymptotes being parallel and perpendicular to the 
axis of the triangle. This appears from the same investiga- 


* In this and the preceding 2ase, it is necessary to consider the effect pro- 
duced by small waves diverging from distances sensibly different. In the 
investigation we suppose that the absolute effect of each of these is the same 
as the effect of a wave diverging from a surface of equal extent at a smaller 
distance. This is manifestly incorrect: but the inaccuracy produces no sen- 
sible error in the result, for the reason mentioned in (29). 
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tion, as the intervals between the bands are inversely as 5 the 
breadth of the aperture, or inversely аз the distance from the 
geometrical shadow of the triangle’s vertex. 


79. In the following instance we may find the intensity 
at one point without much trouble. Suppose the aperture in 
(73) to be a round hole: to find the intensity at that point of 
the screen which is the projection of its center. Divide the 
circle into rings, the inner and outer radii of one being 7 and 
т + Sr, or its surface being 2rrér. The distance of every 
point of this ring from the point of the screen is 


a+b 


b+ 2ab 


r” nearly, 


and hence the whole displacement at the central point of the 
screen is 
a. (gr ad b 2 
b 2qr sin e Є —-b— "amr. p ; 


. rab A = ( C ena іе ? 
о a+b X We 2ab ^J|* 


If с be the radius of the hole, this is to be taken from » 20 
to r =c, and its value is 


208 sin 7 (0 0) ET gd ) 
E MSs "4ab a 


The intensity of illumination is consequently 


AS ON g (= ath ) 


(ep ENR ED 


On referring to (71) it will be seen that this expression is 
nearly similar to the expression for the intensity of the re- 
flected light in Newton’s rings, considering the denominator 
in (71) as constant, and making 


_ © (a+b) 
a даф 


. 
. 


and consequently the colours are neaxly the same for tlie 
same values of V. To obtain the colours corresponding to 
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those of the inner rings, we must have V as small as possible, 
El 5 
or = + т must be as small as possible, and therefore b must be 
as great as possible. On diminishing b, V increases. Con- 
sequently if we first place the screen at a very great distance 
and then bring it nearer to the aperture, the series of colours 
at the center will be the same as those found on tracing 
А : i aval 
Newton’s rings outwards: but as we cannot make = + D 0, 
: a 

we cannot have all the orders beginning from the central 
black. This agrees with observation, For any other point 
of the screen, the intensity can be found only by the general 
method of (73). 


#79. Instead of supposing a circular hole in a plate of 
unlimited extent, suppose the plate to be a small circular 
disk, with free passage for the light on all sides. The whole 
displacement will be expressed by the same formula 


Кот a+b À). 
f. 207 sin P (ve -3- S59 


1 


but the limits of r will now be from c to œ. 


7= sg: the expression becomes 


PL 


Эсе віш Ed TESTA, 


j > 
т (a+b 
ашы c and о. If we perform the 
a 
integration in this state, we come upon the unintelligible 
symbol cos co. To avoid this, and at the same time to repre- 
sent an intensity of little waves slowly decreasing as the in- 
clination increases, use the expression 
rab (Вт | 
Se Я 
є sin 4— (vi — b) — 8 
a+b Í X ( ) К 
where f may be so small that its effect through a consider- 
able angle is almost insensible. The general integral is 


Grp Е Ens] —f sin fe (vt—b) — || 2 


and the limits of s are 


70 UNDULATORY THEORY OF OPTICS. 


which vanishes for s=2, however small f may be. Omit- 
ting the trifling effect of f in the first value of s, the limited 
integral becomes 


_ Лаф 0 27 (ee); 
gee X gab у" 


; Р NR S ae ; 

and the intensity of light is urb in which the symbol c 
does not appear. The intensity of light, thercfore, at the 
center, is the same as if с=0; that is, the same as if there 
were no disk in the way. 

For the intensity of light at any excentric point, the reader 
is referred to the Philosophical Magazine, 1841, January. 

Pnor. 20. Every thing remaining as in the last pro- 
blem, except that, close to the hole, a lens is placed of such 
focal length that light diverging from A will be made to con- 
verge to O: to find the intensity of light on the screen. 


80. From (44) it appears that the form of the front of the 
wave after refraction by the lens will be a sphere of which O 
is the center. Let O, fig. 22, be the origin of co-ordinates : 
p and у the co-ordinates of a point M on the screen: æ, y, 2, 
those of P, z being parallel to OA. Then 


PM*= (p~ a)" 0-а, 
But by the equation to the surface of a sphere, 
a? 4 y +2 = 8°: 
hence 
PM? = 0° + y g — 2px — 29y, 


2 


Е 
and РМ —35 42.52 P? 27 nearly. 
The terms depending on a? and y? will be insensible, as 
they will be multiplied by the very small quantities p” and g”. 
2 2 
Put Б for 6+ 2 ак, then, as in the first and last parts of 


2b 
(73), the whole displacement at M is 


f. f, sin i (w- B+ een) 5 
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This expression is much Simpler than that of (73), as there 
are no terms involving # and y^. Тһе first integration can 
always be performed : it gives 


BUM ng ee aee) 
amd A 


and if y' and y” are the least and greatest values of y for a 
given value of z (given by the equation to the aperture in 
terms of æ), the first integral is, between these limits, 


o Nos. = qui. ar рф 
= = re B+ a j eos [S (ot Bt pom | 
=соз 2 (wt В) = cos d a+ у) | eos Tem st+qy”) 

- px 22139 Ux 02707 


—sin = (vt— -B)} E T (pa--qy яа (patqy” j| : 


Let the integrals of the terms within the brackets (with re- 
spect to 2 and between the proper limits) be P and Q: thén 
the coefficients of 


cos = (vt — в) and sin {= (vt — в) ; 


are respectively j^ سح‎ E and — E m Q, 


(p + 0). 


and the intensity of the light is E i 


81. Ex. Let the aperture be a parallelogram whose sides 
are 2e and 2f-in the direction of a and y. Неге 


yc 
cos e (p+ qy)} ов {к (pz + gy" | 


oe кк ке 


i L2 sin (хх pz) „sin e af) ; 
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the integral of which is 


hiec 23 f) ar ); 
тр 5. 17 7% (х?” : 
which from а= — e to w= + e gives P = 0. Also 


* 2T n . 2т n 
sin {уе (раду) —sin [уу (ре + y) 
= (Bar ‚(2 
= sin {у (ps af) = sin (үс (ouf) 


2 . 2те 
= — 9 соз E . Sn ашу, 


bn? 
the integral of m is 
im 9T69f E 2702 
тр“ E bn? 
which from «=—e to x= + e gives 
e ES 2mgqf ES тре 


тр D C bN ˆ 
Hence the intensity is 
DX 22797. ,9mpe 
pq Que bn C gue tn? 
bn. д, ÖN . 2тре\% 
а 202 EN 4 
ог 16е = sin (S sin = r 


This expression is maximum when p —0, g=0: so that there 
is a bright point in the place of the image determined by com- 


mon Optics. Itis 0 when p is any multiple of z , or when 


q is any multiple of 2 . This shews that the sereen is tra- 


versed by rectangular dark bars at equal intervals, the inter- 
vals in the direction of the length of the parallelogram being 
shorter than the others. For a given value of p, the bright- 
ness is greatest when g = 0, or when g has one of the values 


“а 
co 
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which makes ee sin EU maximum. ‘Thus it appears 
2srqf on 

that there will be a brilliant point at the center ; a four-rayed 
cross through the center, the rays being interrupted at in- 
tervals; and a series of less bright patches in square arrange- 
ment in the angles of the cross: also the distances from the 
center are greater for the red rays than for the blue. When 
the parallelogram is narrow, the bright parts in the direc- 
tion of one side form one of the kinds of spectra described 
by Fraunhofer. 


82. Let the aperture be an equilateral triangle. Take x 
in the direction of the perpendicular to one side, and let the 
angle opposite this side be the origin of co-ordinates: let e be 
the whole length of the perpendicular. Then 

y =—atan 30°: gy“ = + tan 30°, 
Hence 


ITE 


2 ° ° 
B =/.| eos As (p—q tan 30 о D (pg tan 30 }| 


T DA ек | 
= Oa (p—q tan 30) ^" Us (pq tan 30) 


DA - бул | 
TU (p +g tan 30°) sin { 7 (p+ qtan 30 Jj ; 


the value of which from w= 0 to z=e is found by putting 
e for a. And 


te E is (p — 9 tan e) —sin fe (p+ tan 20 | 


the value of which from 2 —0 to 2—e is 
on 2те 
es a 0 M Щ E T be к 0° 
9m (p — q tan 807) L e E (prz gaps || 


bn 2те 0 
“Эт (p+ q tan 30) |: Ss Ux шокы j | 
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о, 


m Р “er М 
The sum of the squares is (omitting the factor =) 
TT 


ОНЕ ЕЕ Р emg = огу 

(p— q tan 30°)? ;|[2- 2.008 DT (p q tan 20") | 
1 дте T 

+ pepe? rs (p+ g tan 809} | 


9 


= = x 
p—¢| tan” 30° 


0 
L COs ш —cos bx ( p—qtan30 nes s e p+qtan30") || 


2 2 2 o ap? 2 2 0 
= дан ET їй 20 = anion шн el BEL т (p—gtand0)} 
( p*—g" tan 30") (p'—4 tan" 30°) 
4ng tan 30° — 40° tan? 30° 9те 
к= рф nem 30°? ев (p+qtan 30°) 
277° —2q° tan? 30° " Areg tan 30° 
(g—4 tan 30" n bx - 


Let р = т с05 0, g=rsin 0: which is the same as referring 
M to the жу. point of the screen by polar co-ordinates. 
Then observing that tan? 30 = 4, and restoring the factors 
as and —;- one 
Am 41°? 
this may be put in the form 
зул 1 
3277 ° sin 0. віп? (0 — 60°) . sin? (0— a 


x F — sin (0 — 60°) . sin (@ — 120°). cos ena sin e) 


bx ai B 


— sin (0 — 120°) . sin (0 — 180°) . cos = sin (0 — 07] 


Dx VG) 
—sin (0 — 180°) . sin (0 —240°) . cos Wer sin (0 — 1209) | 
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The maximum value it will be found is when ~ = 0, and is 
4 


c к : 
=. The value is also considerable when 0 = 0, or = 60°, or 
о 


= 120°, ог = 180°, ог = 240°, ог = 300°, when it is 

мер ( i Ab ae = X ines are) 

Злу тте Ab Gate ( = Ab /! 
(as will be found by commencing with the first integral for- 
mula of (80), and, for the ray, making g=0; and, for the 
central point, making p also —0). This points out exactly 


the star-like form observed by Sir J. Herschel (Encycl. Metrop. 
Light, Art. 772). 


83. Let the aperture be a great number m of equal 
parallelograms of length 2f and breadth e at equal distances 
д. Here у=} y" = +f: and the expression to be inte- 
grated 1s 


cs AR NM CU E LT 
cos fE (ot B+ ш 2) cos | С Baba) 


The general integral is 


Ab . тоў 27 p 
E sin ^x . cos E (vt — B+ zy : 
If b be the value of æ corresponding to the first side of the 
first parallelogram, that corresponding to the first side of the 
(n + 1)" parallelogram will be +n (e + g), and that cor- 
responding to its last side k+n(e+g)+e. The integral 
therefore for the (n +1)" parallelogram is 


Ab . Жш Dr pk puis 2 
ie sin ° E sc (v B+ او و ر‎ 


2r pk , pn(e4- 9) ре) 
-oos > (w— 24 ad b T 


_ 206 * тд ‚тре . 2т pk pe р(е+9) 1 
= sin у=, sin 3 ^. sin} > eB dra j n i 
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Let pe ا‎ C: then the whole displacement at ЛГ 


produced by all the parallelograms, [restoring the factor a 
from (80)}, is 


ND sin 2707 2т pg) || 
T sin =y . sin T Ssin Е {ue бст е n ile 
The finite integral of the last term with respect to n is 


—1 2 
—XÓJe [x noe 0-0), 
LM io: 


which from n =0 to n =m is 


2 (6+9) т 


on a. | enar wees m1 
Passer eT 


Thus, putting 
л pth 
C pr wes c 
we have for the whole displacement 


п POP т 


№ . Ол] . тре Е bA . (27 3 
mp > PN perr X (vt D» : 
bx 
and consequently the intensity of the light is 
Coin BC+ gm 
4 ( ND T in 274. Hy (P du cya sin ОКИ | 
Ing f тре М d (6+0) т (^ 
i Do J 


84. The most remarkable variation of this depends on 


in mày 
‚ where 


the last term. This may be represented by Е sin Û 
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m is а large whole number. This has a great number of 
maxima corresponding to values of @ for which m is some- 


what less than the successive odd multiples of 5 (omitting 


т. . . . 
5 itself) ; but the greatest maximum is that found by making 
sin 0 —0. Its value is then z^, which is much greater than 
any of the others. For, the next maximum, when mô = 258° 
nearly, is 

sin 258°\? 

— 3258 nearly =m" x 00472; 

sin 


the next is nearly =m” x 0016 : &e.; and when sin Ө is nearly 
=1, the maximum is nearly 1. As we approach to the value 
@=т, one or two values are sensible, and then we reach the 
large maximum, of the same value as before. Suppose now 
we have placed on the object-glass of a telescope a grating 
consisting of 100 parallel wires. There will be a bright 
image of the luminous point formed at the centre of the field, 
aud one or two less bright on each side, so close that they 
cannot be distinguished: after this there will be others, but 
their intensity will diminish so rapidly (being at one of the 


maxima only — of that of the brightest) that they will be 


invisible; and at a distance there will be another point as 
bright as the first: and at an equal distance beyond it, 
another: and so on. Thus there will be a succession of 
luminous points at equal distances from each other, with no 
perceptible light between them. The distance of these points 
13 found by making 


b 

0—0, or т, or Sr &c; or p —0, eer "I 
This applies to any one kind of homogeneous light. When 
there is a mixture of differently coloured lights (as in white 
light), there will be a union of bright points of all the colours 
where »=0, but at no other place. For, to arrive at the 
second bright point, we must go to a distance from the first 
proportional to X. Consequently the next blue point will be 


&с. 
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nearer to the center than the next red point, «е. Thus in 
the center there will be a bright white point, but at the sides 
there will be spectra similar to those formed by a prism, their 
blue ends being nearest to the center. And as each bright 
point is almost perfectly insulated, the spectrum will be pure; 
that is, there will be no sensible mixture of colours in any 
part of it. This is verified completely by experiment: the 
spectra are so pure that, when the solar light is used, the 
fixed lines or interruptions of the spectrum, which are so 
delicate that only the best prisms will shew them, may be 
scen in the spectra formed as we have described. 


85. We shall now consider the term 


(= m ey 
ape" Ab 


When p is small, or when е is small, this is = 1. When p is 


к : RAD s 3 
inereased to any multiple of ag vanishes. Consequently, 
; ; Ab 
whenever the same value of p is a multiple of — and of 
z ё 


Ab Sm. $e : 

70016 of the spectra will disappear: that is, whenever е 
ав 
and g аге commensurate. This is true in experiment. And 
at all events, the successive spectra are less bright than the 
central colourless image, this factor having its greatest value: 
when p=0. 

It is unnecessary to consider the effect of the first factor, 
as it only points out the law of brightness in the direction of 
the length of the parallelograms. 


86. The aperture is a circle, whose radius =e. (This is 
the ordinary state of a telescope.) , Since the intensity will 
be equal at equal distances in all directions from the center of 
the screen, let p =7, g =0. It is evident that 

у=), mei) 
Then the expression to be integrated in (80) becomes 


| m dem EREA! 
f, sin 17 (ot B+ 3 
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The first integral is obtained by multiplying the sine by y. 
Taking this between the limits, the expression becomes 


огул ES С >й 3) 


or 
о e 
2 sin | (vt — 2) fJ, (È — а?) cos UR 
5 9T 5 
+ 2 сов 5 (vt — В): f. A (€ ap) sin 27 Tz 
which is to be integrated from æ = — e to æ = + e. 


The second line, it is evident, will vanish: and the ex- 
pression is reduced to 


rra 


= 1ге 
2 sin = (vt — 2) f. A (d — a?) cos БО 


27€ : 
Let т = ent the expression becomes 


bn 


y 


e (2 Е 
2€ sin x (vt — в) Ju (1 — w°) cos nw, 


from w=— 1 to w=+1. 
Let ф (n) = = fu V (1 — w’) cos nw, 


from w=0 to w=1: 


the expression is 
1) 
sin 2 (vt — в) xem. p(n); 
and the intensity of light is 


én” {ф (n)}*. 


A table of values of ¢ (л) is given at the end of this work. 
On examining it, it will be seen that there is blackness when 
в = 3,83 or 7,14 ог 10,17 (which indicates dark rings): and 
brightness when n = 5,19 or 8,43 or 11,63 (which indicates 
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bright rings), with intensities respectively about 2, a í 
= 
620 


The angular diameter of any ring as viewed from the 


and , of that at the center. 


center of the object-glass == E Let this angular dia- 
А тв А 
meter in seconds be s, then n= —— sin 1". Ife the radius 


of the object-glass be expressed in inches, and if for mean 
rays X be 0,000022 inch, the last equation becomes 


n = 1,9846 x es. 
Hence we have, 
For the bright rings, es = 3,70, 6,09, 8,40; 
For the black rings, es— 2,76, 5,16, 7,32. 
These are the ordinary rings seen round a star when 
viewed with a good telescope. 


It appears from this that the central image of a star (the 
star being considered as a point of light without visible 
dimensions) is not a point but a circular disk, diminishing 
in intensity of light towards the edges; whose extreme radius, 
in seconds, is defined by the equation 


és = 2,76. 


The larger is the aperture of the telescope, the smaller is the 
angular measure of the breadth of the disk, 


#86. The aperture is an ellipse, whose semiaxes are e and f. 
Taking the general co-ordinates p and q for a point in the 
screen, and remarking that, in the expressions of (80), 
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it will be scen that the first of the four terms in the final ex- 
pression for displacement is 


2т ПУ 2m ( Jo on о 
cos {= (ot— 2) Sx cos E ai = A (€ — ж 1 


to be integrated from = — e to а= + e. 


Now if we had investigated the displacement with a cir- 
cular aperture of radius e, for a point on the screen whose 
co-ordinates are p and ф', the first of the four terms would 
have been 


27 1 DX 2T, , 2 2 
cos 5 (ot 2) rg cos Е (pz—q4 J(é—« j| : 


Disregarding the change in the constant multiplier from 
hx bx Т 
2A to 7, these expressions would be exactly the same 
274 279 
: i bun ea Te 
and to be integrated between the same limits, if i =g: and 


the same holds for the other terms of the displacement. But 
it was found in (86) that, for the circular aperture, the bright- 
ness or darkness depends simply upon the value of v, where 
= p! + gq”: and a ring of definite light is determined by the 
equation 

* — constant, or 7 + Ф? = constant. 


Therefore in the case of the elliptic aperture, a ring of definite 
light is determined by the equation 
os M UNA 
p + q” = constant, or p аа = constant. 

This is the equation to an cllipse whose semiaxis in the 
direction of p is to that in the direction of g as / to е. Соп- 
sequently the central spot and the rings are elliptical, but the 
direction of the major axis of the rings corresponds to that of 
the minor axis of the aperture. This is found in experiment 
to be true. 


87. The whole of the experiments which are the subject 


of Prop. 20, (80) to (#86), are easily made by limiting the 
aperture of the object-glass of a telescope, or by placing 
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gratings before it. The appearances which we have investi- 
gated are those that would be formed on a screen in the focus 
of the object-glass; but it is well known by common Optics 
that the appearance presented to the eye, when an eye-glass 
is applied whose focus coincides with the, focus of the object- 
glass, is just the same as if the light had been received on a 
screen placed there. Thus it is only necessary to limit the 
aperture and then to view a bright point (as a star), when 
the phenomena that we have described will be seen in great 
perfection, 


88. The experiment of (83) &c. is particularly remarkable 
on this account. It shews that there is light diverging in all 
directions from the front of the grand wave where it meets the 
lens, which is insensible only because it is destroyed by other 
light. For if we view a luminous point with a telescope in 
its usual state, no side images are seen: on putting a grating 
on the object-glass, which intercepts a part of the light, the 
side images are visible. That this depends simply on the 
obstruction of the light, and not on any reflection or refraction 
by the grating, is evident from this cireumstance, that it is in- 
different whether the grating consist of wire, or silk, or lincs 
scratched on the glass with a diamond point, or lines ruled on 
a film of soap or grease. Тһе same principle may be used to 
explain the spectra produced by the reflection of light from 
metallic surfaces on which lines are engraved at very small 
equal distances. In fig. 23 if light from J’ falls on a small 
reflecting surface Ad and is received on a screen GH, and if 
F and G be both distant, then a point G may be found 
such that the paths LAG, FBG, «е. will not sensibly differ 
in length ; and therefore the small waves which are produced 
by the same great wave, coming from every part of the sur- 
face, will meet in the same phase at G. And this will be 
true whether any part of the surface is removed or not. But 
at Л there will be no illumination, because we may divide the 
surface into parts A, а, D, b, бе. such that the path Fa 
(supposing the surface a continuous plane) is less than FAH 


X : ! а 
by g^ and therefore the small wave coming from « will de- 


stroy that coming from 4; the small wave coming from 5 will 
destroy that coming from B: and so оп. Now suppose that 
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we remove the parts a, b, с, d, «с. There is now no wave to 
destroy any one of those coming from А, B, &c.: and they 
will not destroy cach other, because the path FBI being less 
than FAH by X, FOH being less than “BH by X, &c., they 
are all in the same phase. Consequently there will be bright- 
ness at M. For different values of X it is evident that we 
must take points at different distances from G': and thus 
spectra will be formed nearly as in (84). 

For calculations applying to various cases of interference. 
the reader is referred to several volumes of the Philosophical 
Transactions, the Cambridge Transactions, and the Philo- 
sophical Magazine. A most remarkable investigation by 
Professor Stokes on an apparent change in the periodic 
time of waves will be found in the Philosophical Transac- 
tions, 1852. С 


APPLICATION OF THE THEORY OF UNDULATIONS TO THE 
PHANOMENA OF POLARIZED LIGHT. 


89. In the preceding investigations, no reference has been 
made to the direction in which the particles of the luminifer- 
ous ether vibrate. ‘They might, like the particles of air in the 
transmission of sound, vibrate in the direction in which the 
wave is passing: or they might, like the particles of a musical 
string, vibrate perpendicularly to the direction of the wave, 
but all in one plane passing through that direction. To 
these, or any other conceivable vibrations, our investigations 
would apply equally well: all that is required being that they 
should be subject to the general law of undulations, and that 
for a considerable number of vibrations the extent and time 
of vibration should be the same. The phenomena of polar- 
ization, however, enable us to point out what is the kind 
of vibratiou. 


90. The properties of Iceland spar (which, it has since 
been discovered, are possessed by the greater number of 
transparent crystals) first pointed out the characteristic law 
of polarization. If a pencil of common light be made to 
pass through a rhombohedron of this crystal, it is separated 
into two of equal intensity. This may be shewn either by 
viewing a small object through it, when two images will 
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be seen; or by placing it behind a lens on which the light 
of the Sun or that of a lamp is thrown, when two images 
wil be formed at the focus. A line drawn through those 
two images is in the direction of the shorter diagonal of the 
rhombic face of the crystal; the rhombohedron being sup- 
posed to be bounded by planes of cleavage, and the pencil of 
light being incident perpendicular to one of them. 


91. On examining the paths of these pencils within the 
crystal, it is found that one of them obeys the ordinary laws 
of refraction, but the other follows а more complicated law 
(which we shall hereafter describe). ‘The first is therefore 
called the Ordinary pencil, and the other the Extraordi- 
nary pencil: and they are frequently denoted by the letters 
О and E. 


92. То the eye no difference is discoverable between the 
two pencils, or between either of them and a pencil of com- 
mon light whose intensity is the same. Yet the properties of 
the light in the two pencils are different, and both are dif- 
ferent from common light. For if we take one of the pencils 
(for instance O) and place a second rhombohedron before it; 
on turning the first rhombohedron it is found that in general 
the second crystal separates the pencil O into two of unequal 
intensity, one following the ordinary law and the other the 
extraordinary law (which we may call Oo and Qe), and that 
in certain relative positions of the crystal one of the pencils 
wholly disappears. On examining the positions it is found 
that, when the two rhombohedrons are in similar positions 
(that is, when all the planes of cleavage of one are parallel to 
those of the other), or when they are in opposite positions 
(that is when, keeping the same surfaces in contact, the first 
is turned 180° from the position just described), Oe disap- 
pears, and Oo only remains; that is, there is only an ordi- 
nary pencil produced by the second crystal. On the contrary, 
when the first rhombohedron is turned 90° either way from 
the position first described, Oo disappears, and Oe only re- 
mains: that is, there 1s only an extraordinary pencil produced. 
In any intermediate position that pencil is strongest which, in 
the nearest of the four positions that we have mentioned, does 
not vanish. 
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93. Now if instead of О we take the pencil Æ, the ap- 
pearanees are wholly changed. Im general, as before, the 
second rhombohedron divides this into two pencils of unequal 
intensity, one following the ordinary and the other the extra- 
ordinary law (which we shall call Ko and Ze). But when the 
crystals are in similar or in opposite positions, Æo vanishes, 
and Ке only remains: that is, there is only an extraordinary 
pencil produced. When one is turned 90° from the similar 
position, Xe vanishes and Eo remains: that is, there is only 
an ordinary pencil produced. 


94. It appears then that neither* of these two pencils is 
similar to common light; for, when either of them is received 
on a second rhombohedron, it does not always produce two 
pencils: common light always does produce two. It appears 
also that they are not similar to each other; for, in certain 
positions of the second rhomb, О will produce only an ordi- 
nary ray, while Æ will produce only an extraordinary ray: in 
certain other positions, O will produce only an extraordinary 
ray, and Æ only an ordinary ray. The rays therefore have 
some peculiar properties depending on the position of the 
crystal. But between the properties of the two rays a re- 
markable relation can be found. When the rhombohedrons 
are in similar positions, O will produce only an ordinary ray. 
When the first is turned 90°, Æ will produce only an ordinary 
ray. Consequently, on turning the crystal 90°, E has the 
same properties which O had before turning it. Again, when 
the rhombohedrons are in similar positions, Æ will produce 
only an extraordinary ray. On turning the first through 90°, 
O will produce only an extraordinary ray. Consequently, on 
turning the crystal 90°, O has the same properties which Æ 
had before turning it. This shews clearly that the two pen- 
cils have properties of the same kind with reference to two 
planes passing through their direction and moving with the 
crystal; and that the two planes are at right angles to each 
other. Ifa plane passing through the direction of the pencil 
and the shorter diagonal of the rhombie face be called the 


* The reader will observe that the term Ordinary pencil does not signify 
that the pencil is similar in its properties to common light, but merely that it 
is subject to the same laws of refraction as common light. 
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principal plane* of the crystal, then we may assert that the 
properties of the Ordinary ray possess the same relation to the 
principal plane, which the properties of the Extraordinary ray 
possess to the plane at right angles to the principal plane. 
This is commonly expressed thus: the Ordinary ray is polar- 
ized in the principal plane, and the Extraordinary ray is 
polarized in a plane perpendicular to the principal plane. 


95. There are some crystals which possess the property 
of separating common light into an Ordinary and an Extra- 
ordinary pencil, and then absorbing one of them. Thus cer- 
tain specimens of agate, and plates of tourmaline cut parallel 
to the axis, allow the Extraordinary pencil to pass, and 
nearly suppress the Ordinary. ‘This however is only true 
when the plates have a certam thickness: for, when they are 
very thin, the Ordinary and Extraordinary pencils are seen 
to have equal intensities. But the method of exhibiting 
polarized light which is most extensively used in experiments 
18, to reflect common light from unsilvered glass or any other 
transparent substance, solid or fluid. It is found that ifthe 
tangent of the angle of incidence is equal to the refractive 
index, the whole of the reflected light is polarized t in the 
same way as the Ordinary ray produced by the first xhombo- 
hedron of Iceland spar when its principal plane is parallel to 
the plane of reflection from the unsilvered glass, &c. For, if 
the second rhombohedron be placed in that position to receive 
the reflected ray (instead of receiving the ray from the first 
rhombohedron), an ordinary ray only is produced: if in the 
position differing 90° from this, an extraordinary ray only 
is produced: which (92) is exactly the same effect as that 
produced by О, the crystal having the position that we have 
described. ‘This is expressed by saying that the reflected 
light is polarized in the plane of reflection. The angle of inci- 
dence which is proper for this is called the polarizing angle. 
The transmitted light, it is found, possesses in part the proper- 
ties of the Extraordinary ray ; the principal plane of the crystal 


* This term will be used hereafter in a more general sense. 

+ This was the discovery of Malus. It was important at the time, as calling 
the attention of philosophers to the subject: but all the phenomena of coloured 
rings, &c. may be exhibited perfectly well without using this property of re- 
flection, è 
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with which we mentally compare it being still conceived to 
be parallel to the plane of reflection. For, if the second 
rhomb be placed in that position, the transmitted light pro- 
duces both an ordinary and an extraordinary ray, but the 
former is less bright than the latter. This is expressed by 
saying that the transmitted light is partially polarized in 
the plane perpendicular to the plane of reflection. If a great 
number of plates of unsilvered glass be placed together, the 
reflected light appears completely polarized in the plane of 
reflection, and the transmitted light appears completely po- 
larized in the plane perpendicular to the plane of reflection. 


96. We have here considered the test of polarization to 
be, the formation of only one ray when the light passes 
through a crystal of Iceland spar. But as the reflection from 
unsilvered glass at the polarizing angle gives үл ex- 
actly similar to those of the Ordinary ray of Iceland spar (the 
priucipal plane of the spar being conceived parallel to the 
plane of reflection), it may be conjectured that light polarized 
in the plane perpendicular to the plane of reflection, as it 
would not furnish any Ordinary ray with Iceland spar, will 
not furnish a reflected ray from unsilvered glass, but will be 
entirely transmitted. This is verified by experiment: and 
thus we have an easy practical test of the polarization of light. 
if light incident at the polarizing angle on unsilvered glass is 
not susceptible of reflection, it 1s polarized in the plane per- 
pendicular to the plane of reflection. And if, on turning the 
glass round the incident ray without varying the inclination, 
the reflected light does not vanish in any position of the glass, 
the light is not polarized. In the same manner the polar- 
ization of a ray may be ascertained by examining the state 
of the emergent ray, after incidence on a plate of tourmaline ; 
if in any position of the tourmaline the emergent ray disap- 
pears, the plane of polarization of the incident ray is parallel 
to the plane then passing through the ray and through the 
axis of the tourmaline. 


97. From this it will easily be inferred that if two such 
plates of tourmaline are placed with their axes at right angles 
to each other, no light can pass through them. For the light 
which is transmitted by the first is polarized in the plane per- 
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pendicular to its axis, that is, in the plane of the axis of the 
second: and therefore is not allowed to pass through the 
second. If one of the tourmalines be turned, light is imme- 
diately scen: it increases till the axes of the tourmalines are 
parallel. In the same manner if in fig. 24 A be a plate or 
several parallel plates of unsilvered glass, and B an unsilvered 
glass* (whose posterior surface is blackened, to prevent re- 
flection there), B being fixed on a block which turns round a 
spindle at C in the direction of AB: and if cach of the glass 
surfaces make with AB an angle of about 33°.13' (the re- 
fractive index of plate glass for mean rays being about 
1,527 = tan 56°. 47") : then on receiving the light of the clouds 
on A in such a direction that the reflected light falls on B, 
and placing the eye to receive the light reflected from 2, it 
is seen that when the planes of reflection coincide, or nearly 
coincide, a considerable quantity of light is reflected from B: 
as the planes of reflection are inclined, less light is reflected : 
and when (as in the figure) they are perpendicular to each 
other, no light is reflected. This is strictly true only for the 
light incident from A on B in direction of the line joining their 
centers: but it is nearly true for light making a small angle 
with this. It is strictly truc also for light of only one colour 
(since the polarizing angle, which depends on the refractive 
index, is different for differently coloured rays), but if the 
mean angle be used it is nearly true for all. We shall fre- 
quently allude to this apparatus: we shall then call А the 
polarizing plate and B the analyzing plate. 


98. Now in the experiment of (46) or (57), (fig. 14 and 
15) if a plate of tourmaline be placed in each of the pencils of 
light supposed to start from G and JJ, the plates of tourmaline 
being cut from the same large plate which has been carefully 
worked to uniform thickness, it is found that the existence of 
the fringes of interference depends entirely on the relative 
position of the axes of the tourmaline plates. If both axes be 


* Instead of reflection from an unsilvered glass, transmission through a 
plate of tourmaline may be used. Still more convenient than a plate of tour- 
maline is the * Nicol’s Prism," a combination of two prisms cut out of a block 
of Iceland spar with edges parallel to the crystalline axis, and united with their 
edges in opposite directions, with an interposed transparent medium (Canada 
balsam) of such refractive index that the Ordinary ray is totally reflected at its 
surface, whic the Extraordinary ray is transmitted. See (115) &c. 
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parallel, whatever be their position, the fringes of interference 
аге scen well, and the dark bars are perfectly black. If they 
are not parallel, the dark bars are not so black; and if they 
are at right angles to cach other, the fringes disappear en- 
tirely. It appears therefore that pencils of light polarized in 
planes at right angles to each other cannot interfere (that is 
cannot destroy cach other) in circumstances in which pencils 
of common light or pencils of light polarized in the same 
plane, can destroy cach other. 


99. From the experiments that we have described, the 
following general conclusions are drawn. 


(1) If from common light we produce, by any known 
contrivance, light that is polarized in one plane, 
there is always produced at the same time light 
more or less polarized in the plane perpendicular 
to the former. 

(2) Light polarized in one plane cannot be made to 
furnish light polarized in the perpendicular plane. 

(3) Light polarized in one plane cannot be destroyed by 
light polarized in the perpendicular plane. 


The first leads at once to the presumption that polariza- 
tion is not a modification or change of common light, but a 
resolution of it into two parts equally related to planes at 
right angles to each other; and that the exhibition of a beam 
of polarized light requires the action of some peculiar forces 
(either those employed in producing ordinary reflection and 
refraction or those which produce crystalline double refrac- 
tion) which will euable the eye to perceive one of these parts 
without mixture of the other. This presumption is strongly 
supported by the phenomena of partially-polarized light. If 
light falls upon a plate of glass inclined to the ray, the 
transmitted light, as we have seen, is partially polarized. If 
now a second plate of glass be placed in the path of the 
transmitted light, inclined at the same angle as the former 
plate, but with its plane of reflection at right angles to that of 
the former plate, the light which emerges from it has lost 
every trace of polarization; whether it be examined only with 
the analyzing plate B, or by the interposition of a plate of 
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crystal in the manner to be explained hereafter (145). This 
seems explicable only on the supposition that the effect of the 
first plate of glass was to diminish that part of the light which 
has respect to one plane (without totally removing it), and 
that the effect of the second plate is to diminish in the same 
proportion that part of the light which has respect to the other 
plane; and therefore that, after emergence from the second 
plate, the two portions of light have the same proportion as 
before. On considering this presumption in conjunction with 
the second and third conclusions, we easily arrive at tbis sim- 
ple hypothesis explaining the whole: 


Common light consists of undulations in which the vibra- 
tions of each particle are in the plane perpendicular to the 
direction of the waves motion. The polarization of light ds 
the resolution of the vibrations of each particle into two, one 
parallel to a given plane passing through the direction of the 
wave s motion, and the other perpendicular to that plane; which 
(from causes that we shull not allude to at present), become in 
certain cases the origin of waves that travel in different direc- 
tions. When we ате able to separate one of these from the 
other, we say that the light of each is polarized. When the 
resolved vibration parallel to the plane is preserved unaltered, 
and that perpendicular to the plane is diminished in a given 
ratio (or vice versa), and not separated from 4t, we say thut 
the light is partially polarized. 


The reader who has possessed himself fully of this hypo- 
thesis, will вес at once the connection between all the experi- 
ments given above, 


100. For the general explanation of these experiments, 
and for the accurate investigation of most of the phenomena 
to be hereafter described, it is indifferent whether we suppose 
the vibrations constituting polarized light to take place pa- 
rallel to the plane of polarization, or perpendicular to it. 
There are reasons however, connected with the most profound 
investigations? into the nature of crystallme separation and 
into the nature of reflection from glass, &c., and confirming 


* This question has been discussed carefully, and with some difference of 
opinion, by Fresnel, Cauchy, Professor Stokes, and others. In the text, we 
Р DT 2 M 2 
adopt the opinion of Fresnel and Stokes. 
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each other in a remarkable degree, that incline us to choose 
the latter: and thus, 


When we say that light is polarized in a particular plane, 
we mean that the vibration of every particle is perpendicular to 
that plane. 


Thus, in the undulation constituting the Ordinary ray of 
Iceland spar, the vibration of every particle is perpendicular 
to the principal plane of the crystal: in that constituting the 
Extraordinary ray, the vibration of every particle is parallel 
to the principal plane. When light falls upon unsilvered 
glass at the polarizing angle, the reflected wave is formed 
entirely by vibrations perpendicular to the plane of incidence: 
the transmitted wave is formed by some vibrations perpen- 
dicular to the plane of incidence, with an excess of vibrations 
parallel to the plane of incidence. 


101. The reader will perceive that it is absolutely ne- 
cessary to suppose, either that there are no vibrations in the 
direction of the wave's motion, or that they make no impres- 
sion on the eye. For if there were such, there ought in the 
experiment of (98) to be visible fringes of interferences : of 
such however there is not the smallest trace. 


102. As we now suppose light generally to consist of 
two sets of vibrations which cannot interfere with each other, 
it becomes important to establish some measure of the in- 
tensity of the compound light. It seems that this cannot be 
any other than the sum of the intensities corresponding to 
the two sets of vibrations. Во that if the displacement from 
one vibration be represented by asin (vt — æ + 4), and that 
from the other by bsin(rt— 2 + B), the intensity of the 
mixed light will be «* + 0%. This then is the expression 
which we ought in strietness to have used in our former in- 
vestigations. Dut as in all these (except those relating to 
reflection from plane glasses and lenses) the quantities а and 
b have in every part of the operation the same proportion, it 
is evident that the results, considered as giving the proportion 
of intensities of light, are in every instance correct. 


Prop. 91. To explain on mechanical principles the trans- 
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mission of a wave in which the vibrations arc transverse to 
the direction of its motion. 


103. In fig. 25 let the faint dots represent the original 
situations of the particles of a medium, arranged regularly in 
square order, each line being at the distance A from the next. 
Suppose all the particles in cach vertical line disturbed ver- 
tically by the same quantity; the disturbances of different 
vertical lines being different. Let æ be the horizontal ab- 
scissa of the second row; w— that of the first, and œ+ A 
that of the third: let и, w,, and w' be the corresponding dis- 
turbances. ‘The motions will depend upon the extent to 
which we suppose the forces are sensible. Suppose the only 
particles whose forces on A are sensible, to be 


B, OC, D, E, F, G, 


(omitting those in the same line, as their attractions are equal 
and in opposite directions): and suppose them to be attrac- 
tive, and as the inverse squaxe of the distance: and the ab- 
solute force of each =m. ‘The whole force tending to pull A 
downwards is 


m(h+u—u) 2 (u-u) _ m(h—wutvw) 
M+ (0+ ии р (lunu [(QW-(h—ucuy 


т (h+u— u) 
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Expanding these fractions, and neglecting powers of u— u, 
and w—w' above the first, the force tending to diminish w is 


1 , 
1 ~ » D (Qu — и, — и). 


Putting for u,, 
Wi TP 


uc pe ee 


and for w', 
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we find 


de h` da” 


an equation of exactly the same form as that for the trans- 
mission of sound (10). The solution therefore has the same 
form: and therefore the transversal motion of particles sup- 


tí E M d'u* 


* If Л із so large with regard to the length of a wave that the terms after 
A? cannot be safely neglected, we may, һу: assuming a form for the function 
expressing и, integrate ‘the equation 
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and by substitution, the equation becomes 
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This expression increases as À increases ; that is, undulations consisting of long 
waves travel with greater velocity than those consisting of short waves. Thus 
the different refrangibility of differently coloured rays is accounted for. Sce 
Article 38. For other modifications of this theory, and their comparison with 
the observed indices of refraction of different rays in different media, the 
reader is referred to Professor Powell’s treatise On the Undulatory Theory as 
applied to the explanation of unequal refrangibility. 
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posed here follows the same law as the direct motion of the 
particles of air: that is, it follows the law of undulation. 


104. It seems probable that if we had supposed any 
other regular arrangement, or taken any other law of force, 
the same conclusion would have been obtained. And if we 
suppose the arrangement symmetrical with respect to certain 
fixed lines, but different in distance of particles, «е. in dif- 
ferent directions (as for instance if we suppose every eight 
adjacent particles to be at the angles of a parallelopiped as 
in fig. 26), then for vibrations of the particles in different 


M ler Gt i 
directions the multiplier of Te will be different, and conse- 
da 


quently the velocity of transmission of the wave (which is 
the square root of the multiplier) will be different. And the 
velocities of two waves may be different even when they are 
going in the same direction, provided that one of these waves 
consist of vibrations in one direction, and the other of vibra- 
tions in another direction, as if for instance in fig. 26 the 
directions of both waves were perpendicular to the paper, but 
if one set of vibrations were in the direction up and down, 
and the other in the direction right and left. For the force 
with which the particles aet on each other depends on the 
‘distance of the particles in the direction of the waves’ motion, 
and on their distance in the direction of the particles’ vibra- 
tion: and in the case supposed, the latter element is different 
for the two waves, though the former is the same. 


105. If the displacement of a particle, considered as in 
any direetion, be resolved into three displacements in the 
directions of 2, y, 2, the variations of force in those directions 
produced by the alteration of a single particle (and conse- 
quently the force produced by the whole system) are the 
same as if the displacements in those directions had been 
made independently. From this it easily follows that the 
sum of any number of displacements causes forces equal to the 
sum of the forees corresponding to the separate displacements : 
and then, by the reasoning in (10) and (11), any number of 
undulations, produced by vibrations in different directions, 
may co-exist without disturbing each other. 


Pror. 22. То explain the separation of common light into 
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two pencils by doubly-refracting crystals: and to account for 
the polarization of the two rays in planes at right angles to 
each other. 


106. We shall assume for the state of the particles of 
ether within a crystal, am arrangement similar to that de- 
scribed in (104), or at least possessing this property, that there 
are three directions? at right angles to each other, in which 
if a particle be disturbed, the resultant of the forces acting 
on it will tend to move it back in the same line in which 
the displacement is produced. ‘These lines we suppose to 
be parallel to some lines determined by the form of the 
erystal. 


107. Now in general the displacementt of a particle or 
à series of particles will not produce a force whose direction 
coincides with the line of displacement. For suppose the 
disturbance in the direction of æ to be X; that in the direc- 
tion of y to be Y: and suppose the corresponding forces to be 
a^ X and У. The tangent of the angle made by the resultant 

эч 

force with the axis of 2 is VY but the tangeut of the 


angle made by the direction of displacement with the axis 
en 


of g 15 ү: and these are different if а? and LU are different. 


In the same manner if we supposed a displacement Z in the 
direction of 2, and if it produced a force с, the tangents of 
the angles, made by the projection of the resultant’s direction 


* M. Fresnel has demonstrated that this must be the case when the small 
displacement of a particle in the direction of any one of the co-ordinates pro- 
duces forces in the direction of all, represented by multiples of that displace- 
ment. This is apparently the most general supposition that can be made. 
Mémoires de ULastitut, 1824, See also Griffin's Theory of Double Refraction. 

+ We have spoken here of displacements as if the iorces concerned iu the 
transmission of a wave were thus put in play by absolute displacements. It is 
however plain from (103) that the forces on A really put in play ave produced 
by relative displacements: but it is evident that these forces are the same as 
thuse that would be put in play by the absolute displacement 

Cui hè 


3 (u-u, w) or ,,.—. 
2) 17%) dx?" z 

In like manner, when the direction of displacement is any whatever, the quan- 
tity 2 (2u — w —4c) in its proper direction may be resolved into the direction of 
the co-ordinates, and the forces really acting on A will be the forces corre- 
sponding to these spaces considered as absolute displacements. 
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108. Now suppose that, in fig. 26, MN is the front of a 
wave: or by the definition of (20) and the assumptions of 
(99) and (101), all the particles in the plane of which MN 
is the projection are moving with equal motions in that plane. 
In general the force which acts on these particles in conse- 
quence of their displacement, is not in the direction of the 
displacement, and is not even in the plane MN. Resolve it 
into two, one perpendicular to the plane and one parallel to it. 
The former of these may be neglected, because it can only 
produce a motion which, by (101), is not sensible to the eye. 
The latter, though in the plane, will not generally be in the 
direction of the displacement. It is impossible then to find 
what motions will be caused by this displacement without 
resolving it. If we сап resolve it into two, such that the 
force produced by cach displacement is in the direction of 
that displacement, then we can find for each of these separately 
the motions that will result from it. Itis clear now that we 
have fallen on a case exactly similar to that of (104), and 
the conclusion is the same, namely, that there will be two 
series of waves travelling with different velocities. 


109. Now in (34) we have found that the refraction in 
a transparent medium depends on the velocity of the wave 
within that medium. Consequently the refraction of the two 
series of waves will be different; and thus is explained the 
bifurcation of the ray, when common light is incident on 
a surface of the crystal. And each of these consists of vibra- 
tions parallel to one line, that is, by (99), of polarized light: 
and, as will appear by subsequent investigations, the lines of 
vibration are perpendicular to each other, and therefore the 
planes of polarization (which are perpendicular to the lines of 
vibration) are perpendicular to cach other. This explanation 
may be considered as the most important step in Physical 
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Science since the establishment of the law of gravitation by 
Newton. 


Prop. 23. "To investigate the law of double refraction in 
uniaxal crystals. 


110. By илааха crystals we mean those in which b?=a’, 
while с is not equal to a°. The investigation, it is seen 
from (108) and (109), reduces itself to these two things; the 
discovery of those directions of displacement in the plane of 
a wave in which the resolved part of the force parallel to 
the plane 1s in the same direction as the displacement, and 
the investigation of the velocity of transmission for waves 
whose vibrations are in those directions. Now the force, 
produced by a displacement in any direction parallel to the 
plane of zy, is in the same direction as the displacement: and 
therefore it is indifferent what line in the plane of zy we take 
fora. Let 2 then be perpendicular to the intersection of the 
front of the wave with the plane ay. In fig. 27, let MN be 
the projection on the paper of the front of the wave (supposed 
perpendicular to the paper), 4M the axis of 2, AN the axis 
of z, which we shall call the axis* of the crystal: 0 the 
angle made by the front of the wave with the plane of zy. 
Then it is plam, from the symmetry of the forces with respect 
to г, that a displacement parallel to the line MN will cause 
a force whose resolved part parallel to the plane MN is in 
the line MN; and that a displacement in the plane MAN per- 
pendieular to the line MAN will cause a force also perpen- 
dicular to MN. The vibration then of the wave incident on 
the erystal must be resolved into two vibrations parallel to 
these, and these vibrations, as in (108), will produce two 
rays that will travel with different velocities. 


111. Now the force put in play by a displacement per- 
pendicular to the paper is represented by а x displacement. 
Uonsequently the wave depending on these vibrations moves 
with the velocity a whatever be the position of the front 
ofthe wave. This is the same law as that assumed in (34) 


* This always coincides with the mineralogical axis of the crystal. Thus 
in Iceland spar it is in the solid angle included by three obtuse angles of the 
planés of cleavage, and makes equal angles with them ; in quartz, tourmaline, 
beryl, ќе, it is the axis of the prism. 
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for common refracting media, and the resulting law of re- 
fraction is therefore the same. Let any plane passing through 
‚ the axis of z or the axis of the crystal be called a principal 

plane of the crystal; then this conclusion may be stated thus: 
the waves consisting of vibrations perpendicular to а prin- 
cipal plane of the crystal are refracted according to the 
ordinary law of refraction. This accounts for the refraction 
and polarization of the ordinary ray. 


112. For the displacement in the plane of the paper: 
putting D for that displacemeut, it may be resolved into 
JD cos 0 parallel to «, and D sin @ parallel to z. The result- 
ing forces will be represented by aD cos @ parallel to æ and 
Р sin @ parallel to 2; and the sùm of the resolved parts of 
these parallel to ALN is represented by 


D (а? cos? 0 + с? sin? €). 


The velocity of transmission of the wave perpendicular to its 
own front is therefore 

V (a? cos’ 6 + с? sin’ 0). 
This is not the same in all directions; and hence the waves 
consisting of vibrations parallel to a principal plane of the 
crystal are not refracted according to the ordinary law. 


118. If now the front of a wave produced by such vibra- 
tions have at any time the form PQR, fig. 28, the form of the 
front at a succeeding time will be determined by taking Pp por- 
pendicular to the surface at P and proportional to the value of 


y (a? соз? 0 + с? sin? 8) there ; 
Qq perpendicular to the surface at Q and having the same 
proportion to the value of 
' y (à? cos? 0 + с? sin? 9) there; &e. 
If the wave were produced originally by an agitation at О, all 
the successive fronts must be similar; and if we take points 
of all where their tangents are parallel, that is, points along a 


radius CQ, the perpendicular distance of each front from the 
next is proportional to 


a/(@ cos? 0 + с? sin’ €), 
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and therefore the sum of all, which is the same as the perpen- 
dicular on the tangent at Q, must be proportional to 


„(a cos” Ө + с sin? 0). 


Therefore, to find the form of an extraordinary wave diverging 
from a point, we must solve this problem: 'Го find the curve 
where the perpendieular on the tangent is proportional to 


y (d? cos? 0 + с? sin’ €), 


0 being the angle made by the tangent with the axis of œ. It 
is well known that this is an ellipse, whose axes in the direc- 
tions of z and æ are in the proportion of a: e. Consequently, 
to discover the path of the extraordinary ray, we must suppose 
the waves produced by vibrations parallel to a principal plane 
to diverge in the form of a spheroid of revolution round a line 
parallel to the axis of z, and must suppose the semi-axes of the 
spheroid parallel and perpendicular to г to be represented by 
a and с: aud must then proceed as for common light. The 
radius of the sphere into which the ordinary wave has di- 
verged must at the same time be represented by a. 


114. It is easily seen that the motion of an extraordi- 
nary wave in the crystal is not generally perpendicular to its 
front. For let AB, fig. 29, be an aperture through which a 
small part of an extraordinary wave passes: CD a line par- 
allel to the axis of the crystal. Consider A, a, b, с, Ke. as 
the origins of equal spheroidal waves, the axes of the waves 
being parallel to CD. It is plain that the part between Æ 
and / is the only place in which the waves strengthen each 
other, as at all points on both sides of this they precede or 
follow each other by different quantities, and therefore mutu- 
ally destroy each other, while between Æ and the neigh- 
bouring waves meet in nearly the same phase. The wave 
therefore will seem to travel from AB to LF. The general 
rule therefore is this; describe a spheroid whose axis is 
parallel to the axis of the erystal, and find the point of its 
surface where the tangent plane is parallel to the front of 
the wave; then the motion of the wave is parallel to the 
radius of that point. 


115. The general construction for determining the path 
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of both rays is this. In fig. 30, let the plane of the paper 
be the plane of incidence, 2A’ the projection of the surface of 
the crystal, AB the front of a wave moving in the direction 
АД. Let CD be the axis of the crystal, not necessarily in 
the plane of the paper. While a part of the wave moves 
in vacuum from .4 to A’, suppose that the ordinary wave 
diverging from B will spread into the sphere Fo, and the 
extraordinary wave into the spheroid Fe (whose axis of revo- 
lution = diameter of sphere). Through the line, of which A’ 
is the projection, draw a plane touching the sphere in о; 
this plane is the front of the ordinary wave, and Bo repre- 
sents the direction aud velocity of its motion. Through the 
same line draw a plane touching the spheroid in e; this plane 
is the front of the extraordinary wave, and Be represents 
the direction and velocity of its motion. If the axis of the 
spheroid does not lie in the plane of the paper, and is not 
perpendieular to the plane of the paper, the point e will not 
be in the plane of the paper: and thus the direction of the 
extraordinary ray will not lie in the plane of incidence. 
The demonstration of this construction is exactly similar to 
that of (34). 


The course of an extraordinary ray after internal reflection 
is to be found in a manner analogous to that of (32), Thus 
in fig. 30, suppose that the extraordinary wave whose front is 
A'e moves in the direction A'G and is wholly or partially 
reflected at the surface GH. When the part A’ has arrived 
at G, suppose the part e to be at J on its way to П. Then 
when J reaches JZ, the small wave caused by the disturbance 
at G will have extended into a spheroid similar and equal to 
that which must be described from the center J to pass 
through H. Let KH be this spheroid (the axis being always 
parallel to CD), and LM the spheroid equal to it whose center 
is G': let ML be the tangent plane passing through the line 
projected in M. Then, as in (32), HL is the front of the 
reflected wave, and, as above, GZ is the direction of the 
reflected xay. Mere the angle of reflection is not generally 
equal to the angle of incidence, and the augles of incidence 
and reflection are not generally in the same plane. 


116. If we consider the extent of refraction to be deter- 
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mined by the change in the position of the front of the wave 
(which is sometimes the most convenient way), and if the 
spheroid be oblate, as it is for Iceland spar, beryl, tourmaline, 
&c., the extraordinary ray is always less refracted than the 
ordinary ray, since in fig. 30 the spheroid includes the sphere. 
If the spheroid be prolate, as in quartz, uniaxal apophyllite, 
&c. the extraordinary ray is always more refracted than the 
ordinary ray. ‘The normal to the front of the wave is always 
in the plane of incidence. 


117. A compound prism which produces great angular 
separation of the two rays is thus constructed. Let a prism 
A be cut from Iceland spar with its edge parallel to the axis, 
and another prism B of equal angle with its edge perpen- 
dicular to the axis, and let them be placed as in fig. 31. 
The vibrations parallel to the plane of the paper will furnish 
the ordinary ray of A and the extraordinary ray of B; that 
is, this wave will be most refracted by A towards C, and 
least by B towards D, and it will therefore on the whole pass 
towards C. In a similar manner, the wave produced by 
vibrations perpendicular to the paper will be least refracted 
by A towards C, and most refracted by B towards D, and 
it will therefore on the whole pass towards D. If the prisms 
be cut from quartz, the separation is in the opposite di- 
rection; it is smaller also, as the prolate spheroid of quartz 
differs less from a sphere than the oblate spheroid of Ice- 
land spar. 


Pror. 24. To investigate the law of double refraction in 
biaxal erystals. 


118. Ву biaxal crystals are meant those in which a’, 0’, c^, 
are all different. Our limits will not allow us to go through 
the whole of this investigation, and we shall merely give the 
principal steps, referring for details to the Mémoires de ÜIn- 
stitut, 1824; the Annales de Chimie, 1828; the Cambridge 
Transactions, Vol. vi. p. 85; and Mr Grifün's Theory of 
Double Refraction; and generally to the Memoirs of the prin- 
cipal scientific societies, especially those of the Royal Irish 
Academy, to the Cambridge Mathematical Journal, and to the 
Philosophical Magazine. 
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119. The first thing to be done, as in (108), is to find 
two directions in the front of a plane wave in which a dis- 
placement produces a force in the same direction, neglecting 
that force which is perpendicular to the front. As we shall 
only have to calculate the forces in the directions possessing 
this property, we shall at once resolve the whole force of 
displacement into two, one parallel to the direction of dis- 
placement, the other perpendicular to it (not necessarily 
perpendicular to the front of the wave), and shall neglect 
the latter. If the direction of displacement make angles 
X, Y, Z with the axes of z, y, z, this resolved force, as 
in (111), is 

displacement x (a? cos? X + 1? cos’ Y + с cos’ Z). 


Construct a surface of which the latter factor is the radius, 
which we shall call the surface of elasticity; it is easily seen 
that the radius is the squared reciprocal of the radius in the 


T ie 
ellipsoid whose axes are –, т, =. 
am” (D. 4B 


120. Make a section by the plane front of the wave 
through the center of this surface; the radius vector of the 
section will be the square of the reciprocal of the radius 
vector in the corresponding section of the ellipsoid, that is iu 
an ellipse; and this section of the surface of elastieity will 
therefore be a curve symmetrical with respect to its groatest 
and least diameters, which are at right angles. 


191. "The radius vector of this section in any direction 
represents the resolved part, in that direction, of the force 
produced by displacement in that direction, the neglected 
part being perpendicular to that direction and not necessarily 
perpendicular to the front of the wave. If now we examine 
the direction of displacement in which the neglected part is 
perpendieular to the front of the wave, it is found that the 
greatest and least diameters above alluded to are the only 
ones which satisfy this condition. Consequently the vibra- 
tions must be resolved into two, parallel respectively to these 
diameters; and these will produce the two waves. Their 
velocities will be represented by the square roots of the values 
of those semi-diameters. 
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122. In two positions of the front of the wave, and no 
more, the section becomes a circle. Whatever then is the 
direction of vibration in that front, the velocity of trans- 
mission is the same, and there is no separation of fronts of 
waves, though there may be separation into two or many 
rays. The two lines perpendicular to these circles are called 
the optic axes. 


123. The difference between the squares of the velocities 
of the two waves is proportional to the product of the sines 
of the two angles made by the front of the wave with the 
two circular sections, or to the product of the sincs of the 
angles made by the normal to the front with the two optic 
axes. 


124. The plane of polarization of one ray bisects the 
angle made by the two planes which pass through the normal 
and the two optic axes: and the plane of polarization of the 
other is perpendicular to it. This is easily shewn thus: 
where the front of the wave cuts the two cireular sections, 
the radii in the section by the front must be equal to the 
radii of the circles, and therefore must be equal to cach other, 
and therefore must make equal angles on both sides of the 
longest or shortest diameter: and therefore if the planes be 
projected on a sphere concentric with the surface of elasticity, 
the point which is the projection of the longest or shortest 
diameter will biseet one side of the spherical triangle. Con- 
struct the spherical triangle whose angles are the poles of 
those sides: then the circle drawn from the bisection to the 
pole of that side (which is the projection of one plane of 
vibration) will bisect the angle made by the sides joining 
that pole, or the pole of the front, with the optic axes, inas- 
much as those sides are equally inclined to the quadrants 
joining that pole with the two angles of the first triangle 
where the front of the wave mects the circular sections. 


125. The form into which the wave must be supposed to 
diverge is determined as im (113), by finding the forms of the 
surfaees where the perpendicular to the tangent plane 1s pro- 
portional to one of the velocities found in (121). After a very 
troublesome algebraical process it is found that the equation 
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expressing the two surfaces (which are in fact one continuous 
surface) is 


(x? + y? + 2°) (а?а? + B’y? + 2") — a? (1? + 0?) 2° 
HB (+ d) y- e (a +) 2 + ABE = 0. 


This cannot be resolved into factors, and therefore cannot 
express a sphere and any other surface, as in (111) and (113). 
Consequently neither of the rays is subject to the law of 
ordinary refraction. This conclusion might also have been 
drawn from the observation that neither of the velocities 
found in (121) is constant. The direction, &e. of the two 
rays when light is incident on a surface of the erystal are 
found exactly as in (114), using the surface above mentioned 
instead of the sphere and spheroid, and finding the two posi- 
tions of the tangent plane passing through the line projected 
in A’, fig. 30. 

The properties of this wave-surface are however so imn- 
portant, and one of the deductions from them so singular, 
that we shall devote some subordinate articles to a statement 
of them, referring for complete discussion to the Transactions 
of the Royal Irish Academy, Vol. XVII. 


25 (a). Ifin the equation above we make z —0, we find 
for the section in the plane of zy 
(x? + a) (а?а? + By’) a (а?а? + 2%) — gi (224-3?) +abe=0; 
or (a? de y T" 2) (а?а? 4i py ©. aV?) =й. 
That is, the curve of intersection of the plane of ay with the 
surface is in fact two separate curves: one a cirele whose 
radius is c, the other an ellipse whose semi-axes are æ and б. 
In like manner, the eurves of intersection with yz will be, 
a circle whose radius is a, and an ellipse whose semi-axes 
are b and с: and the curves of intersection with xz will be, 
a circle whose radius is 5, and an ellipse whose semi-axes 
are a and c. 


125 (0). Suppose now that a is greater than b, and b 
greater than с. Then, on the plane yz, the circle of radius a 
will completely inelose without touching the ellipse of semi- 
axes 6 and c: and, on the plane ay, the ellipse of semi-axes 
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a and b will completely inclose without touching the circle of 
radius c. But on the plane zz, the ellipse of semi-axes а and 
c will cut the circle of radius bat four points. These propo- 
sitions are due to Fresnel. 


195 (c). When the nature of the wave-surface is ох- 
amined with particular reference to these four poiuts (which 
was first done by Sir W. R. Hamilton) it is found that, as 
viewed from the outside, there are four conical depressions ; 
and, as viewed from the inside or center, there are four cones 
projecting towards the outside. The surface, in fact, consists 
of two quasi-ellipsoidal sheets or surfaces, one completely in- 
closed within the other; but at these four points, tho inner 
surface is drawn outwards, and the outer surface drawn in- 
wards, so as to establish a connexion between the two sur- 


faces. 


125 (d). On examining the nature of the ring (very 
nearly circular) which forms the external base of any one of 
the depressed cones, it is found that it is in one plane: that, 
in fact, at that part, a tangent-plane touches the external sur- 
face in a ring; and that ће plane of the ring and tangent is 
parallel to one of the circular sections in (122). 


125 (e). Remaxking then the construction for determining 
the course of a refracted ray in (114) and (115), it will be 
seen that, if a wave of light enter the crystal with its front 
normal to the optic axis, or parallel to the circular sections of 
the surface of elasticity (122), or parallel to the tangent-plane 
of the conical depression; its front will continue parallel to 
that tangent-plane; and the direction of the ray will be the 
direction of a line from the center of the wave-surface to some 
point of the tangent-ring. At first, there appears to be no 
reason why the course of the ray should select one point of 
the ring rather than another; this is determined by the fol- 
lowing consideration. 


125 (f). A construction similar to that of (124) deter- 
mines the plane of polarization of the ray. It seems that”, 
* Fora ray which falls exactly in any part of the ring, the wave-front is 


exactly normal to the optic axis. But for a ray which falls by the smallest 
quantity external (for instance) to the ring, the front of the wave is inclined as 
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in this case, (in which the construction of (124) fails), the 
plane of polarization is thus determined: Draw one plane 
through the ray and through one optic axis, and draw an- 
other plane through the ray and through the other optic axis; 
and the plane of polarization bisects the angle formed by 
these two planes. To one plane of polarization thus deter- 
mined, there corresponds only one ray. Consequently, if 
polarized light be incident, only one ray is formed: but if 
common light be incident (which, not improbably, consists 
of successive series of waves polarized in every conceivable 
plane), rays will be formed directed to every point of the ring, 
eaeh ray having the polarization proper to its point of the 
ring; and a conical sheet of light will be formed within the 
crystal. On emerging at a plane surface parallel to the sur- 
face of entrance, the emergent rays will be parallel to the 
first incident ray; and a cylindrical sheet of light will be 
formed in air, still preserving in every part its peculiar polar- 
ization. 


125 (g) This very singular result of the theory of undu- 
lations has been verified by Dr H. Lloyd, as regards both 
the distribution of light and its polarization. And the agrec- 
ment of the prediction and the observation is undoubtedly 
one of the most remarkable proofs of the general correctness 
of the considerations by which the laws of double refraction 
are determined. 


125 (A). Ifa ray of light, consisting of light polarized in 
different planes, be made to pass through the crystal in the 
direction of the line from the center of the wave-surface to the 
vertex of the cones (which will be done by permitting light 
from all directions to fall upon the crystal, and limiting its 
course through the crystal by plates with very small holes on 
its opposite sides), each differently polarized beam will re- 


from the center of the ring. Applying this consideration to the construction 
of (124) ; and remarking that the intersection of the front of the wave with the 
nearest circular section will be determined by bisecting the space between those 
two intersections ; it is easily seen that the rotation of the plane of polarization 
is half as rapid as the rotation of the intersection with the near circular section; 
that is, half as rapid as the revolution of the ray round the ring. This amounts 
nearly to the construction in the text. 
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ceive a different refraction at the second surface, and an ex- 
ternal conical sheet of light will be formed. This also is 
verified by experiment. 


*125. Before leaving this investigation we must remark 
that this theory is imperfect in the same degree as the ex- 
planation of refraction, In every uniaxal crystal, we belicve, 
the axis 18 the same for all the colours, but the ratio of a to с 
is not the same for different colours. In biaxal crystals gene- 
rally the direction of the three axes is the same for different 
colours, but the ratio of a, b, c, is not the same, and con- 
sequently the position of the optic axes (122) is not the same 
for different colours, though the optic axes for all colours are 
in the same planc. And it has been discovered by Sir John 
Herschel that the direction of the three axes is in some in- 
stances different for different colours, and then the optic axes 
for different colours are not all in the same plane. 


Prov. 25. Light polarized in the plane of incidence falls 
on a refracting surface of glass, &c.: to find the intensity of 
the reflected and the refracted ray. 


126. The three next investigations which we offer to the 
reader cannot be considered as wholly satisfactory. The ex- 
treme difficulty of mathematical investigation into the state of 
particles at the confines of two media prevents us from mak- 
ing them more complete. It is however gratifying to know 
that they are fully supported by experiment, and that they 
have given a law to phenomena, of which some appeared in- 
explicable, and others would never have been reduced to laws 
by observation alone. 


127. Suppose that the particles of cther, retaining the 
same attractive forcet, are in the inside of glass, «е. loaded 
with some matter which increases their inertia in the ratio 
of 1:n, without increasing their attraction. The equation of 
(103) would be changed to this : 


du 1 (1 = т du 
dn mr. 
‘+ Perhaps this supposition is hardly reconcileable with that made in the 
last proposition. 
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If the solution before were и = ф (vt — æ), the solution would 
now be 

u= ф (vt— zyn). 


The velocity of transmission is diminished therefore in the 
ratio of y(n) : 1. But we have supposed that the velocity 
is diminished in the ratio of & : 1. Consequently n= p’, 
128. Now suppose that we have a series of equal quanti- 
ties of the ether m a line, and that a transverse motion is 
given to the first, which, from the constitution described in 
(103) it has the power of transmitting to the second, «с. 
When we arrive at the surface of the glass, we must take 
volumes of the denser ether, whose dimensions are determined 
in the direction of the transmission of the wave by lengths 
proportional to the velocity of transmission, and in the other 
directions by their correspondence with the quantity of ether 


} 
which puts them in motion. Thus in fig. 32, if e = 


p 
the ether in ABDC may be considered as putting CDEE in 
motion, Put ¢ for the angle of incidence, 2’ for that of refrac- 
tion. The proportion of the lengths in the direction of the 
ray is y : 1, or sin 7: sin ?. The proportion of the breadths 
is cos 2: cos 7. Тһе proportion of densities is 1 : u^, or 
sin’ Z :sin'Z Combining these proportions, the proportion of 
the masses is 

sin 1, cos 7: sin 7. cos 7. 


Now if an elastic body impinges on an equal elastic body, it 
loses its own velocity and communicates to the other a velo- 
city equal to its own: this is similar to the action of one mass 
of the ether in vacuum on the next. Supposing the simila- 
rity of action to apply to the different states of ether at the 
confines at the medium, we must compare this with the mo- 
tion of two unequal elastic bodies A and 7? after the impact of 
A with the velocity V on B originally at rest. It is known 


that A retains the velocity ATP V, and that B receives the, 


: 24 ЭФК: WR : 
velocity A TA V. Substituting for A, sin ?'. cos î, and for B, 
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sin d. cos 2’, we find for the motion retained by the external 
sin (2’ — 4) 
sin (7' + 2) 
nicated to the internal ether, ш = со x previous motion of 
“ sin (@ +2) 
external ether. Now by a succession of numcrous impulses of 
this kind, following a given law, a series of waves with any 
law of displacement may be produced: and every impulse 
produces parts in the two media having the proportions given 
above. lfthen the original displacement be represented by 


om (т 
a sin ix (vt — 2) Р 


that retained by the external ether, and which produces the 
reflected ray, must be 


sin (0—6). (дт \ 
ime ( d) sin | 7 (vt e) с 


and that transmitted to the internal ether, and which produces 
the refracted ray, must be 


ether, X its previous motion; and for that commu- 


2 sin ?' . cos iu (2r (bau 
sin (7 +7) {А gui 


These formule apply equally to refraction from air into glass, 
and from glass into air, giving 7 and 7 their proper values. 
The intensities of the rays will be represented by the squares 
of the coefficients. 


Pnor. 26. Light polarized perpendicular to the plane of 
incidence falls on a refracting surface: to find the intensity of 
the reflected and the refracted ray. 


129. We cannot here use the same kind of reasoning as 
in (128), because the motion of displacement (being in the 
plane of incidence and perpendicular to the path of the ray) is 
not in the same direction for any two of the three rays. To 
overcome this difficulty, M. Fresnel has adopted the following 
hypotheses. First he supposes that the law of vis viva holds: 
that is, that the sum of the products of each mass by the square 
of its velocity is constant. (This is certainly true if as in 
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(128) masses are supposed to act nearly as elastic bodies. 
And in all cases of mechanical action it is equal to the sum of 
all the integrals of force x space through which it has acted, 
which is constant in all the cases of undulation that we can 
strictly examine, and is probably constant in this.) Next he 
supposes that the resolved parts of the motion perpendicular 
to the refracting surface will preserve after leaving the surface 
the same relation which they have there, and which, if they 
follow the same laws as those of the impact of elastic bodies, 
would be thus connected: the relative motions before and 
after impact will be equal in magnitude but opposite in sign. 
(This is confessed by M. Fresnel to be purely empirical.) 
Adopting these hypotheses, and considering the masses to 
be as 
sin 2. cost : sint. cost’; 


and representing the displacements in the incident, refracted, 
and reflected ray, (estimated positive in that direction per- 
pendicular to their respective rays which is nearest to that 
of a body falling perpendicularly from vacuum on the re- 
fracting surface,) by a, b, с; we have the following equa- 
lions: 
sin 7. cos 4. а? = sin 2. cos 2 . ^ + sin t. cost. c? 
a cos 4 = b cos 7 + e cos 4. 

Eliminating b, 

(sin 22’ + sin 27) с — 2 sin 27. ac — (sin 27' — sin 27) a^ = 0, 
or (c— a) ((sin 27' + sin 22) c + (sin 24' — sin 27) a} = 0. 
This equation is satisfied by c=a: but that would give 
b=0, and therefore expresses only total reflection, which 
would require exactly the same mathematical conditions as 
those that we have used, but would not correspond to the 


physical circumstances of the problem now before us. The 
other is the only solution which we want: it gives 


tan (2 — 2) 


= ,ي‎ 
tan (t + €) 
Е n tan (7 — 2)] 


cosi | tans -4))' 
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Hence if the displacement produced by the incident wave is 
a (ar 
a sin E (vt — 2») ; 
that produced by the reflected wave is 


tan (t — i) . (9m 
— ? tan (i+ 4) sin 5 - (vt = 2) А 


and that by the refracted wave is 


oe fı , me E ы (vt — pce) 


cos 4' tan ( 4-2) LX NN 


180. Опе of the most remarkable inferences from this 
expression is obtained by making 7 + 7= 90°. The displace- 
ment produced by the reflected wave is then — 0. Suppose 
now light consisting of transversal vibrations in all directions 
to be incident at this angle on a surface of glass. Resolve 
the vibrations into two sets, one parallel to the plane of in- 
cidence and the other perpendicular to it. The former (as 
we have just seen) will furnish no reflected ray: the latter, 
by (128), will produce a reflected ray. Consequently the 
reflected light will consist solely of vibrations perpendicular 
to the plane of reflection. The condition 4 + 2 = 90 gives 


wr Я sin € о Я 
sin 4'— созт, or ——— = созт, whence tan? = p: 
ш 


which (95) defines the polarizing angle. Thus the angle of 
incidence at which, according to theory, the vibrations of the 
reflected ray are entirely perpendicular to the plane of in- 
cidence, is the same as the angle at which, in experiment, 
the reflected ray is entirely polarized in the plane of inci- 
dence. And we have found from theory in (111) that the 
ray of a uniaxal crystal which undergoes the ordinary refrac- 
tion, and which (94) is said to be polarized in the principal 
plane, is produced by vibrations perpendicular to the prin- 
cipal plane. These are two reasons which induce us to say, 
as in (100), that light polarized in a particular plane consists 
of vibrations perpendicular to that plane. 


131. Another remarkable inference is this. If the two 
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surfaces of a glass plate are parallel, 7 and 7’ at the second 
surface are the same as 4 and ¢ at the first. Consequently, 
if the light reflected from the first surface is polarized, or if 
a+¢ at the first surface = 90°, ¢+ 2' at the second surface 
also = 90°, and therefore the light reflected internally from 
the second surface is also polarized. ‘This is true in experi- 
ment. 

Many investigations applying to these problems are to be 
found in the Cambridge Transactions and other Transactions, 
the Philosophical Magazine, and the Comptes Rendus of the 
French Academy. 


Prop. 27. Light polarized in a plane inclined by the 
angle a to the plane of incidence falls on the surface of a 
refracting medium: to find the position of the plane of polar- 
ization of the reflected light. 


132. The displacement of a particle of ether before inci- 
dence may be represented by 


„(Ол . 
asin = (vt — 2 
in the direction making with the plane of incidence an angle 
(90° — a): 
and this may be resolved into 


2 
а соз &. sin x (vt — 2) 


perpendicular to the plane of incidence, 


| 


and а sin а. sin H (vt — æ) | 


parallel to the plane of incidence. And these expressions 
will apply to the reflected ray, giving æ the same alteration 
in both, and altering the coefficients 1n. the ratios determined 
in (128) and (129). Hence we shall have after reflection, 


Displacement perpendicular to the plane of incidence 


sin (?' — 4) T E Gh E 
sin (Z +2) TOU 


a cosg 
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Displacement parallel to the plane of ineidence 
tan(7—4) . [от 
sin [т (vt— 2 5 


tan (2’ + €) 

Since these are in the same ratio whatever be the value of z, 
it follows that the displacement compounded of these is en- 
tirely im one plane, and therefore the reflected light is polar- 
ized. And if 8 is the angle at which the new plane of polar- 
ization is inclined to the plane of incidence, or 90°—£ the 
angle at which the new direction of vibration is inclined to 
the plane of incidence, we have 


— asina 


COTTE cos ) — 4) 
cot B= 7 == — cot ,لي‎ 
. tan (2 — t) cos (2 + 2) 
— asin جلي‎ 
tan (2 +2) 
os (2 
or tan 6 = — апас ы 


When f and ?' are both small, 8 and а have different signs : 
this shews that the planes of polarization before and after 
reflection are inclined* on opposite sides of the plane of in- 
cidence. If 4+2 = 90°, that is, if the angle of incidence is 
the polarizing angle, 8 = 0, or the plane of polarization of the 
reflected ray coincides with the plane of incidence: and if 7 
be further increased, 8 and « have the same signs. These 
results have been verified by numerous observations and care- 
ful measures of M. Arago and Sir David Brewster. 


Pmor. 98. Light is incident on the internal surfaee of 
glass at an angle equal to or gveater than that of total reflec- 
tion; to find the intensity and nature of the reflected ray. 


133. The expressions in (128) and (129) become impos- 
sible. Yet there is a reflected ray, whatever be the nature 
of the vibrations in the incident light. And on the principle 
of vis viva the intensity of the reflected ray ought to be equal 
to that of the incident ray, since there is no refracted ray to 


* The inclinations are considered to be on the same side when (supposing 
for facility of conception the angle of incidence to be considerable) the upper; 
parts of both planes are on the same side of the plane of incidence. 


A 
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consume a part of the vis viva. And indeed in the last state 
of the expressions of (128) and (129) before becoming impos- 
sible, that is when 2’= 90°, each of them becomes =1. After 
this the cxpression for the coefficient of vibrations perpen- 
dicular to the plane of incidence {putting p sind for sin? 
aud /(—1).4/(u^ sin’¢—1) for cos?'] becomes 


sind. eos Dem sin y (— 1) A (p? sin? i— 1) 
p. sn 2. cost + s1n eV (— 1) (g^ sin? t — 1)? 


or cos 20 — y (— 1) sin 26, 


an 6 = Vg sin? d— 1) 


where t Н 
p COST 


? 


and that for the coefficient of vibrations parallel to the plane 
of incidence becomes 
sin Z. cos 2 — usin t/(— 1) y (w sn? — 1) 
sind. cos T+ p sind (— 1) y (u sur 2— 1)? 
or cos 2$ — y (— 1) sin 24, 


p (p sin — 1) 
cos 7 1 


where tan ф = 


It is improbable that these formul are entirely without mean- 
ing: what can their meaning be ? 


184. М. Fresnel scems to have considered that as the di- 
rection of the reflected ray and the nature and intensity of the 
vibration were already established, there remained but one 
clement which could be affected, namely, the phase of vibra- 
tion, And it seems not improbable that this may be affected, 
inasmuch as the incident vibration, though it cannot cause a 
refracted ray, must necessarily cause an agitation among the 
particles of the ether outside the glass. It would seem to us 
most likely that the ray would be retarded (though the phe- 
nomena to be hereafter described compel us to admit that it is 
accelerated) : and in all probability differently according to the 
direction in which the vibrations take place. Nothing then 
seems more likely than that 20 and 2¢ should express these 
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accelerations*: and as they are angles, they must be com- 
bined with the angles in the expression for the vibration. 
Thus for instance, if 


ee | 
asın | ч t—x 
1 [А (v )) 
were the expression for the vibrations perpendicular to the 
plane of incidence on the supposition that they were not 
accelerated, 


a sin E (vt — x) + 26} 


would be the expression on the supposition that they were 
accelerated. 


135. The only thing which concerns us experimentally 
is the difference 2 — 20 (which we shall call 6) of the аа. 
rations, for vibrations perpendicular to and parallel to the 
plane of incidence. Now 
(и? sinti] 
NE л oe) 


psn’ 


1— tan’ (ф — 0) 20 sinti- (1 + p”) sin? xl 
1+ tan’ (ф — 0) (1 +p’) sin? 2— 1 


whence cos 6 = 


* M. Fresnel’s reasoning is of this kind. In several geometrical cases, the 
occurrence of an imaginary quantity indicates a change of £0° in the position 
of the line whose length i is multiplied by 4/ — 1. It is probable then that here 
the multiplication by /(—1) denotes that the phase of the vibration which it 
affects is to be altered (suppose increased) by £0". Thus the expression 


(cos 20 4- /( — 1) sin 20] . ain B z (et=a)} 
is to be interpreted as signifying 
2 2 
cos 20 . sin Ix @-ж)| +sin 20. sin Ix (2) +90°} , 


(2r 


m que a, 


. {9т : 
or cos 20. sin las (vt — ж) +sin 20, cos 


or sin 27 (vt — 220. 


And similarly for the other. 
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В c sia tv a ME 
It appears from this expression that 6= 0 when sin 7 = — , or 
je 


when sin 2 — 1: and that 6 is greatest when 


the value of cos 8 being then 
2 


Sp 
(1+) 
If we assume ô= 45°, we have this equation : 


. 


2,2 
Qu 7 
5 3 „=1-+ N: 
(1 + p”) cosee"  — соѕсс? т us 


the solution of which, supposing и = 1,51, gives 
{= 48°. 37'.30", or 54°. 37.20". 


If then light be incident internally on the surface of crown 
glass at either of these angles, the phase of the vibrations in 
the plane of incidence is accelerated more than that of the vi- 
brations perpendicular to the plane of incidence by 45°. If 
the light be twice reflected in the same circumstances and with 
the same plane of reflection, the phase of vibrations in the 
plane of incidence is more accelerated than that of the other 
vibrations by 90°. 


136. If then we construct a rhomb of glass, fig. 33, 
two of whose sides are parallel to the plane of the paper, 
and the others perpendicular to the paper and projected in 
the lines AB, BC, CD, DA; and if the angles at A and О 
are 54°.37': then light incident perpendicular to the end 
at F will be internally reflected at G and M, making at 
those points angles of incidence 54°.37’, and will emerge at 
I in the direction parallel to that in which it entered at F. 
The immersion at F and the emersion at Z will produce no 
alteration in the light, but the effect of the two reflections 
at G and Æ will be to accelerate the phases of vibration 
in the plane of the paper more than those perpendicular to 
that plane by 90°. A rhomb thus constructed we shall call 
Fresnels rhomb. 
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Prov. 29. Polarized light is internally reflected in a 
refracting medium at an angle of incidence greater than that 
necessary for total reflection: to find the nature of the re- 
flected ray. 


137. Ісі the plane of polarization make with the plane 
of incidence the angle a Then the vibration, represented by 


а (ae 
asin e (o) 5 


is performed in a direction making the angle 90° — a with the 
plane of incidence. Consequently the resolved vibrations are 


2т 


à cos asin (ша) 
perpendicular to ће plane of incidence, and 
: т 
asin a. sin fz (ota) 
X 
parallel to the plane of incidence. The latter of these, by 


(135), is more accelerated than the former by 8. If then after 
reflection we use 


D 
a cos a. Sin M 0) 


to express the vibration perpendicular to the plane of inci- 
dence, we must take 


: "ND 
asin a. sin Ed (vt — x) +8 
for the vibration parallel to the plane of incidence. The 
same expression holds if the light is internally reflected any 
number of times, (the planes of incidence being always the 
same,) if we take care to give the proper value to 6. 


138. Now let us examine the motions of a particle of 
ether in the reflected pencil. We will take y for the ordi- 
nate in the plane of reflection, and z for that perpendicular 
to it, both measured from the place of rest of the particle, 
in the plane transverse to the direction of the reflected ray. 
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(1) Let a=45°, and 89—90*. (This represents the case 


of Fresnel’s rhomb when the plane of polarization is 
inclined 45° to that of reflection). Шеге 


уор. P (на), а=а у. FC (=|, 
nd y +e zu 
and jy* a 


That is, every particle describes a circle whose radius 


(2) Let а have any value, 8 being = 90°. (This is the 
general case of Fresnel’s rhomb). Неге 


: 2T 
J = а іп а. cos E (vt — 2 ; 


a eter 
2 = асова. Sin 15 (vt — а), 
y 22 
a sim” a а сова 


and 
That is, every particle describes an ellipse, whose 
Semi-axes are a sin а parallel to the plane of reflec- 


tion, and a cos & perpendicular to that plane. 


(3) In the general case, « and 6 having any values, 


j asina [sin ES (vt — 2) cos д 


+ cos bx (vt — a)} sin J 
ac Ea 
and z = а соза. Sin x (vt — 2) 2 


А 
а сова’ 


a 
Hence sin = (vt — x) = 
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and (y — tan a . cos ò. z)? 


о EAD 2 
= а? віп? a. зіп? д. cos? faz (vt — a)} 


2 ЕЧ з . LI 2 
= а. віп? а. sin” 8 L — sin* e (vt — 21 


= а? sin? а. sin? 8 — tan? a. вім? д. 2°: 
the equation to an ellipse whose axes are inclined to 
the plane of reflection. 


(4) If we compare the expressions for у and z in the first 
case with the equations to a circular helix (f being 
considered constant), we find that they exactly co- 
incide. That is, a series of particles which were 
originally in a straight line, will be at any subse- 
quent time in the form of a circular helix. In the 
other cases, the position of the particles will be what 
may by analogy be called an elliptic helix. 


(5) For all values of 8, if « —0, or if a = 90°, the re- 
flected light has the same polarization as the incident 
light. 


139. The nature of the light in the reflected ray may 
then be generally expressed by saying that it is elliptically 
polarized: and in the first case by saying that it is circularly 
notarized. Wherever after this we speak of common polar- 
ized light we shall for the sake of distinction call it plane- 
polarized light. From the investigation of the second case it 
appears that Fresnel's rhomb, by proper adjustment of posi- 
tion with respect to the plane of polarization, is capable of 
produeing elliptically polarized light of every degree of ellip- 
ticity. We will therefore suppose that the circularly or ellip- 
tically polarized light is produced by Fresnel's rhomb*. For 
use, it is convenient to have it mounted in a frame which, 
without stopping the light, admits of its turning round the 
axis ПІ, fig. 33: this frame may be placed on the board in 


* We shall hereafter mention another contrivance which produces nearly 
hut not exactly the same effect, and which has been used more extensively than 
Fresnel's rhomb. 
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fig. 24: then the light plane-polarized by A is by the rhomb 
converted into circularly or elliptically polarized light, and 
emerges from the end DC opposite to the analyzing plate 2 
in fig. 24. If the mounting be graduated so as to determine 
the angle made by the plane of polarization with the plane of 
reflection, then when this angle is 0, 90°, 180°, 270°, the plane- 
polarized light is not altered: when it is 45°, 185°, 225°, 315°, 
the emergent light is circularly polarized: when it has any 
other value, the light is elliptically polarized. 


140. Now it is evident that circularly polarized light 
may be resolved, into two vibrations parallel and perpen- 
dicular to any arbitrary plane, and that the magnitudes of 
these vibrations are always the same. Consequently this 
light, when examined only by the analyzing plate B, shews 
no sign of polarization (97), (99), &e. This is experimentally 
true. But if clliptically polarized light is resolved in the 
same way, though neither of the resolved parts ever vanishes, 
yet their magnitudes vary: and therefore when examined 
with the analyzing plate it will appear to be partially po- 
larized. This is also true. 


141. Between two kinds of circularly polarized light 
there is an important distinction which we have not yet 
pointed out. We have seen that if a=45° in Fresncl’s 
rhomb, the light is circularly polarized: it is also circularly 
polarized ifa = — 45°, For in the latter case 


y=- avt (иа), 


. 2T 
4 = а М} sin (vt — 2), 
а? 
and therefore у 2? = 2 
The difference consists in the difference of direction of each 
particle’s motion. In the former case, 


= = tan = eta) ; 
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in the latter 
2 2т 
2 cum qeu. c 
^ an | X (ut 2) 


If we suppose the plane of reflection vertical, y measured 
upwards, aud z to the right hand (looking in the direction of 
the wave's motion), then iu the former case the revolution 
will be in the same direction as that of the hands of a watch, 
and in the latter case in the opposite direction. In the former 
case the expressions shew that the particles which were ori- 
ginally in a straight line will be at any time arranged as in 
a left-handed spiral; in the latter case, as in a right-handed 
spiral. A similar distinction exists between two kinds of 
elliptical polarization. 


142. One of the most remarkable proofs of the correct- 
ness of the theory is this; if a second f'resnel's rhomb be 
placed to receive the light coming from the first, and if its 
position be similar, the emergent light is plane-polarized, but 
the new plane of polarization is Inclined 2a to the former 
plane of polarization. The theoretical explanation is this; 
the vibrations in the plane of incidence are accelerated 90° 
by the first rhomb and 90° again by the second rhomb, more 
than those perpendicular to the plane of incidence. Conse- 
quently {taking up the investigation of (137)}, the vibration 
perpendicular to the plane of incidence being 


a COS @. sin c (vt — Pi ; 
X 
that parallel to the plane will be 


- © | шр s! 
a sin a. sin у5- (vt — x) + 180 p 
. дт 
or —@зїї@.5їп X @#—) : 
As these are always in the same proportion, the vibration is 
entirely in one plane, or the light is plane-polarized. But as 


the tangent of the angle made with the plane of reflection 
is —tan а, instead of tan a, which was its value before inci- 
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dence, the plane of polarization is inclined on the side of the 
plane of reflection opposite to that on which it was before, and 
by the same angle; the change of position therefore is 24. 


If the second rhomb is placed in a position 90° different 
from that of the first, the emergent light is similar to the in- 
cident light. For, the vibrations which were most accelerated 
by the first rhomb are least accelerated by the second rhomb, 
and vice versá, so that the relation of their phases is not 
altered. 


143. It is remarkable that in the only other case of re- 
flection unaccompanied by refraction whose laws are well 
known to us, namely reflection at the surfaces of metals, the 
reflected тау appears to possess properties similar to those of 
light totally reflected within glass: if the incident light is 
plane-polarized, the reflected light is in fact elliptically po- 
larized, and the difference of the phases varies with the angle 
of incidence. It is not however certain that we can refer the 
physical explanation to the same principles: all that we can 
seem able to conclude from it is that the reflection from me- 
tallic surfaces is not strictly analogous to the reflection of 
sound from a wall, but has a closer relation to reflection from 
a surface terminating a dense medium*. Whether any ex- 


* It appears from Sir David Brewster's experiments that, in reflection from 
metals, the proportion of the vibrations parallel to the plane of reflection in the 
reflected ray to those in the incident ray, is less than the proportion of the 
vibrations perpendicular to the plane of reflection in the reflected ray to those 
in the incident ray, Consequently, after a great number of reflections from 
metallic surfaces, the reflections being all performed in the same plane, the 
vibrations parallel to that plane are diminished in a rapidly-decreasing geome- 
trical series, and are soon iusensible, and therefore the light appears to be polar- 
ized in the plane of reflection. This happens with a much smaller number of 
reflections from steel than from silver. 1t appears also that the alteration of 
phases of the two sets of vibrations is somewhat different for different metals, 
and different at different angles of incidence ; beginning to be sensible at the 
incidence 40° nearly, and amounting at its maximum (which it has at an inci- 
dence of nearly 70°) to about 90°; perhaps to more, but Sir D. Brewster's state- 
ments leave it doubtful. It is also doubtful whether the phase of the vibrations 
parallel to the plane of incidence is accelerated or retarded. See Brewster on 
Elliptic Polarization, Phil. Trans. 1830. The nature of elliptically-polarized light 
had been sufficiently indicated in a few words by Fresnel, and the merit of this 
valuable paper consists entirely in shewing that the reflection of polarized light 
at a metallic surface produces light of that kind. The result of these laws, on 
the principles of the text, may be thus stated. If the incident vibration per- 
pendicular to the plane of incidence із a. sin (vt —&-- A) ; the multiplier of the 
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planation could be founded on the supposition that the ether 
is absolutely terminated at the reflecting surface, or that the 
ether within the metal is in a rarer state than that external 
to it, is a point that has not been examined. 


ON THE COLOURED RINGS PRODUCED BY INTERPOSING A 
CRYSTALLINE BODY BETWEEN A POLARIZING PLATE 
AND AN ANALYZING PLATE, 


1 


144. In (97) we have mentioned as one of the funda- 
mental facts of polarization that if the planes of reflection of 
A and B in fig. 24 are at right angles to each other, the 
angles of incidence at both being the polarizing angles, the 
light reflected from A is incapable of being again reflected 
from B. If the eye be placed near B so as to observe the 
image of A, a very dark spot is seen at its center, and the 
whole image, though not quite so black as the central spot, 
is very obscure. 


145. Now if we interpose between A and B a plate which 
possesses double refraction, the image of A is generally seen 
bright, but sometimes crossed by one or more dark brushes, 
and sometimes by rings of circular or more complicated 
figure, richly coloured. On inclining the plane of the m- 
terposed plate, the rings generally shift their places and are 
succeeded by others; shewing that the peculiar arrangement 
of colours and brushes depends on the relation of the direc- 
tion of the rays to some fixed lines in the interposed plate. 
There are few substances which when interposed present 
exactly the same phenomena, but nearly all exhibit appear- 
ances of the same general character: gorgeous colours, arrayed 
in symmetrical forms, generally shifting with every change in 
the position of the interposed plate, and always altering as B 


coefficient in the reflected ray p: the corresponding quantities for the other 
vibration Û . sin (vt —a4- В) and g: and the acceleration of the latter ô: then 
after n reflections the vibration perpendicular to the plane of incidence is 


а. р". віп (vt —4- A), 
and that parallel to the plane of incidence 
b. q^. sin (v£ - 2+ B+ nd), 
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is turned round its spindle. This class of phenomena is far 
the most splendid in Opties. 


146. The interposition of a piece of common glass pro- 
duces no effect. And even a doubly refracting substance 
produces no effect, if it be placed to receive the light either 
before it is polarized at A, or after it is analyzed at D. It 
seems therefore that a doubly refracting substance has gene- 
rally the power of altering polarized light, in such a manner 
that the light, either from losing the character of polariza- 
tion, or from a change in the plane of polarization, acquires 
according to certain complicated laws the capability of reflec- 
tiou. It appears however that it exerts no influence on com- 
mon light which makes it incapable of polarization as usual, 
and that it does not alter polarized light so as to produce any 
alteration in the impression made on the eye unless it is sub- 
sequently analyzed. 


Pror. 30. To explain generally the origin of the co- 
loured rings. 


147. The general explanation may be given thus. From 
experienee*, as well from the theory of (106) &c., it appears 
that, whatever be the nature of light incident on a doubly 
refracting crystal, the two rays which it produces are polar- 
ized, one in one planc, and the other in the plane perpen- 
dicular to the former. That is, the vibrations of the inci- 
dent ray are resolved into two sets, one in one direction 
and the other in the direction perpendieular to that, which 
produce waves that describe different paths; and one of these 
forms the Ordinary ray and the other the Extraordinary 
ray. And from the theory of (108) it appears that these 
two sets of waves will pass through the erystal with different 
velocities, and therefore on coming out of the crystal will 
be in different phases. Their union therefore will produce 
& kind of light not necessarily plane-polarized, or not neces- 
sarily polarized in the same plane as before passing through 
the crystal: and therefore their capability of reflection at the 


* Quartz is the only well-established exception to this rule, It appears 
that neither the ordinary nor the extraordinary ray of quartz is strictly plano- 
polarized, 
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analyzing plate is, generally, restored. But, as the positions 
of the two planes of polarization, as well as the difference 
of velocity of the two rays, will depend upon the direction 
of the paths through the crystal, the nature of the light 
produced by the union of the two emergent streams will 
vary as the directions vary; and consequently the intensity 
of the light coming to the eye after analyzation will vary 
with the direction of the ray. Thus bright patches or curves 
of different intensity will be seen, The difference of phases, 
it may be easily conceived, is generally a function of А, 
and thus the form or size of the curves may be different 
for differently coloured light. From the mixture of these 
differently sized and differently coloured curves, curves will 
be produced in which the mixture of colours is different 
at almost every point, as in the fringes of interference and 
in Newton's rings. 


148. We have supposed here that neither plane of polar- 
ization of the rays in the erystal coincides with the plane of 
polarization of the light reflected from A. But conccive 
that in one direction of the ray, the plane of polarization 
of the ordinary ray coincides with the plane of polarization 
of light reflected from A. In that case the light reflected 
from A will produce in the crystal only the ordinary ray, 
(92) and (95), and consequently the crystalline separation 
of the rays is of no consequence, because only one of the 
rays exists. The ordinary ray emerges therefore from the 
crystal just as it entered, unmixed with any other ray, and 
therefore falls upon B in the same state as if it had not 
passed through the crystalline plate, and therefore, is not 
reflected. ‘The same would be true, mutatis mutandis, if for 
another direction of the ray the plane of polarization of the 
extraordinary ray in the crystal coincided with the plane of 
polarization of light reflected from A. Thus if we deter- 
mine all the directions of rays in which the plane of polar- 
ization of either the ordinary or the extraordinary ray co- 
incides with the plane of reflection from A, the rays passing 
in those directions will not be capable of reflection from B, 
and the appearance presented to the eye by the rays pass- 
ing in all these directions will be that of one or more black 
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lines not necessarily straight, cutting the coloured curves 
before mentioned. 


149. If B be turned round its spindle till its plane of 
reflection coincides with that of 4, the positions determined 
by the conditions of (148) will define the directions in which 
the light is most highly susceptible of reflection from В, 
and therefore one or more bright lines will be seen cutting 
the curves. If B be turned to any intermediate position, 
it will be found in the same way that the directions of 
rays, which make the plane of polarization of either the 
ordinary or the extraordmary ray to coincide with the plane 
of reflection either at A or at B, determine the form of 
lines which cut all the rings, and in which the intensity 
of light is uniformly the same as if the crystal were not in- 
terposed. 


These particular cases are pointed out merely as mat- 
ters of interest in the general explanation. The determi- 
nation of the form of the uncoloured curves will be included 
in the general investigation of the intensity of light reflected 
in all directions from L. 


Prov. 31. A plate of Iceland spar (or other uniaxal 
crystal, except quartz) is bounded by planes perpendicular 
to the axis of the crystal: light is meident nearly in the 
direction of the axis; to find the position of the front, and 
the velocity perpendicular to the front, of the ordinary and 
extraordinary waves: and the retardation of each produced by 
passing through the plate. 


150. First, for the extraordinary ray. In fig. 34 let AB 
be the normal to the front of the incident wave, or the direc- 
tion of the incident ray: BC the normal to the front of the 
extraordinary wave, which is not generally the same as the 
direction of the extraordinary ray: CD the direction of emer- 
gence parallel to AZ: 2 the angle of incidence made by AB, 
4 the angle of retraction made by DC: v the velocity before 
incidence, v the velocity of the extraordinary wave perpen- 
dicular to its front: 27 the thickness of the plate. The time 

т 


е 4 
of describing BC is Jar the space which the wave would 
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ә з " te T Tv ; 
in the same time have described in air is ———.. But since 
v cost 


the front of the wave at incidence was perpendicular to АВ 
at D, and at emergence perpendicular to CD at C, the whole 
Space which the wave really bas advanced is 

T cos (¢ — 4") 


COS 2 


BE 


? 


and therefore it has been retarded by a space in air equal to 
уй 
cos à' 


v а D Pal ОУ KC ET 
(2 — cos 4. cos 7 — sinî. sin г) à 


/ 


151. Now sin i'—7 sin i. For if GH be a position of 


the front before incidence and BK after entrance, GB and 
ПК must have been described in the same time; and there- ` 
fore GB: HK (or sin? : sin?) :: velocity of incident wave 
: veloeity of extraordinary wave perpendicular to its surface 
uov o :ov. And as the perpendicular to the refracting surface 
coincides with the axis of the crystal, we have by (112) 


v' = N (aî cos i + с? sin? £^). 


From these equations we find 


sin 7” gai 
~ Vu” — (c а?) sin? i]? 
: A/ (o! — с? sin? 4) 
Ц — 
E A (v? — (c — a?) sin? 2]? 
cs av 


V [c — (c — а) sin? a} ° 
Substituting, the retardation 


=T one = E Bu) cos i} 2 


152. Next for the ordinary ray. This may be deduced 
from the last by putting a for c. For the expression in (112) 
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is changed to that in (111) by this alteration. Consequently 
the retardation for the ordinary ray is 


T ze — а sini) _ aes д . 


a 


153. The only quantity that concerns us is the excess* 
of the latter above the former. Its value is 


21 ا‎ mrs 
(Мб — а? sn? 7) — y (v — С sin? @)}. 


When 4 is small, this is nearly 


This we shall call Z. 


154. In estimating then the displacement in the ether 
produced by these two “separate pencils after emergence from 
the plate of crystal, if we represent that which is produced by 
the ordinary ray by a multiple of 


sin a e a)} : 


we must represent that produced by the extraordinary ray by 
a multiple of 


sin Е {ut — (x -2)| , 


or sin 2m (vt — ж) + 2m1]) 
X X 


For, the extraordinary ray is less retarded than the ordinary 
ray by the space Z in air, and therefore the displacement 
really eaused by the extraordinary ray will correspond to that 


* cis greater than æ for Iceland spar, beryl, and all the crystals termed by 
some writers neg gative ; and less than @ for some varieties of apophyllite, and ail 
crystals of their positive class, 
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which would have been produced at a space less advanced 
by Z* if they had been equally retarded. 


Pror. 32. A plate of Iceland spat &c. bounded by planes 
perpendieular to the axis of tho erystal (as in Art. 150) is 
placed between the polarizing and analyzing plates, fig. 21: 
to investigate the intensity of the light in various parts of the 
image seen after reflection at B. 


155. In fig. 35 conceive the direction of any ray to be 
perpendieular to the paper: let the plane passing through 
this ray and through the axis of the crystal {which in (111) 
we have termed the principal plane for that ray} make with 
the plane of first polarization the angle $: and let the plane 
of polarization at the analyzing plate (which we shall call the 
plane of analyzation) make with the plane of first polarization 
the angle a. Let the vibration in the rays as first polarized 
be represented by 


a sin = (vt — 2) ; 


perpendicular to the plane of first polarization. On entering 
the crystal this is resolved into 


S ea 
acos ф. sin e (vt — 2} 


perpendicular to the principal plane (which produces the 
Ordinary ray), and 


asin ф. sin = (ot — 2 


parallel to the principal plane (which produces the Extra- 
ordinary ray). The former of these expressions may be as- 
sumed to be true after the Ordinary ray has emerged from 
the crystal, provided that we make the proper alteration in 


* The same expression applies when two plates cut in the same way from 
crystals either of the same or of different kinds are applied together, J being: 
now the space by which in the combination the extraordinary ray is less retarded 
than the ordinary ray. If in both plates the extraordinary ray is less retarded 
than the ordinary ray, or in both more, the effect of the combination is that of 
a thick plate: if in one it is less and in the other more retarded, the effect is 
that of a thin plate. 

n 
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the value of æ or 1: but then for the Extraordinary ray we 
must, by (154), take the expression 


a Sin $ . sin 5i (vt — x) + d Е 


If the rays entered the eye in this state, there would be no 
variation of intensity in the light coming in different direc- 
tions through the crystal. For the intensity of the ordinary 
wave ; 

= а? соё ф, 
and that of the extraordinary wave 

= sin’ ¢, 
the sum of which, or a’, represents the intensity of the united 
waves (102), and this is constant. Now the analyzing plate 
being applied, those resolved parts only of the vibrations are 

reserved which are perpendicular to the plane of analyzation, 

That* furnished by the ordinary ray is 


a cos p . cos (ф + а). sin ix (vt — 3) 2 


and that furnished by the extraordinary ray is 


Е ; a (au тг 
asing.sin (ф + а). sin i (vt — ж) + сй 


The sum of these represents the displacement produced by 
the wave that enters the eye. Adding them, and expanding 


à . (т 9m 
sin { = (vt — ж) + 2d 5 


: NEA 
we find for the coefficient of sin { T (vt — 2) A 


A Pod 
а cos $ . cos (ф + a) + a sin $ . sin (ф + а) сас, 


* As the analyzing plate does not transmit to the eye the whole of the 
vibrations perpendicular to its plane of polarization, we ought in strictness to 
multiply these expressions, in this aud similar investigations, by a constant. 
The omission is of no consequence in comparing the inteusities of different parts 
of the image, 
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à 2 
and for the coefficient of cos s (= 


2 
a sin ¢ . sin (h + a). sin 1 | 


The sum of the squares of these coefficients is to be taken 
for the measure of the intensity {as in (17) and (23)}. This 
sum is 

а? cos’. ф. вов? (p + а) +a sin $ . sin? (ф + a) 


+2a’sin $. cos . sin ( + а). cos eae 


or = fia cos 26. cos (2h + 2a) 


Е 2 9m 
+ sin 20. sin (26 + 20). cos —- | ; 
: s sound 
or @ ios а — sin 26.sm (20 + 29) . sin? x 3 


156. This gives the intensity of the light that enters the 
eye in a given direction, or the brightness of one point of the 
visible image. To determine what point of the image it is, 
we have only to remark that this ray makes the angle ¢ with 
the ray that passes in the direction of the axis, in a plane that 
is inclined ¢ -- а to the plane of analyzation (supposing that 
we look in the direction of the ray's motion), measuring from 
the top to the right. Ву the reflection at the analyzing plate, 
this course of the rays is iuverted with regard to «p and down, 
while it is not altered with regard to right and left: but then, 
as the eye is placed to reecive the light in the direction oppo- 
site to that in which we look in studying figure 35, there is 
another inversion with regard to right and left, but none with 
regard to wp and down. On the whole therefore, this ray 
comes from a point whose apparent angular distance from a 
certain point through which the rays pass parallel to the axis 
is 4, which distance 18 measured iu a direction that makes 
the angle p+ a or Ww with the plane of analyzation, mea- 
suring from the upper part of the plane to the right. If a 
plate of tourmaline or a Nicol’s prism were used for analyzing 
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plate, the angular measure would be made from the upper 
part to the left. In the image presented to the eye, ¢ may 
be considered as a radius vector, and 4^ the angle that it 
makes with the upper part of the line that represents the 
plane of analyzation. The brightness, putting y for $ +a, is 


а? ies a — sin (24v — 2a) . sin 24r , sin’ o | : 


157. Let а= 90°, or let the analyzing plane be in the 
position in which no light is reflected without the interposition 
of the crystal. The expression becomes 


: xm 
а? sin’ ہ2‎ . sin? = 


This is 0, whatever be the value of X and of J, when 
sin" 24, = 0: 
that is, when 


ani 05 Or = 907, O 180) ог = 


This shews that, whatever be the colour of the incident light, 
there is a black cross, passing through that point of the image 
which is formed by the light that is parallel to the axis. Jor 
all intermediate values of ф it vanishes only when 


T 
=0, т, 27, &c., or 1—0, X, 2X, &e., 
or 
ae 2avX 4aur Gavà 
BIN 2 == 0, J PORT 2 (=a) T > Nice › &e., 


and the light is brightest and = a? sin? 2 when 


Ы Г = = € , Re., 


Оа aur Зат, & 
NE Sade AJ qose qr doe 


RINGS PRODUCED BY UNIAXAL CRYSTALS. ЖЭЭ 


The four spaces between the arms of the cross are therefore 
oceupied by bright and dark rings, the radii of the bright 
rings being as /1, ¥3, /5, &c. and those of the dark rings 
as y2, V4, y6, &c. The radii are inversely as yT, and the 
rings are therefore smaller with a thick plate than with a 


5 
*. and 


as this expression may conveniently be taken as a measure 
of the doubly refracting power of the crystal, the rings are 
less with a powerful doubly refracting crystal than with one 
which has that property in a feeble degree. The radii vary 


thin one, The radii are also inversely as 


з — as independent of A), and 


thus are larger for red light than for blue light. "This pro- 
duces exactly the same effect which we have noticed in speak- 
ing of interference fringes and Newton’s rings, (51), (66), 
and (72): the rings which at first are black and white have 
very soon a mixture of colours, different at every successive 
ring, and finally disappear from the mixture of all in almost 
av 
QUEE a 


also as yà (considering 


equal proportions. If were constant, the proportion 


of the radii for different colours, and consequently the mix- 
ture of colours, would be nearly the same as in Newton's 
av 


> Is generally a function of A: the radii 


rings. But 4 
Ө ё—‹ 


А : avh 
of rings of different colours vary therefore as af -a and 
e-—a 


the colours are not the same as those of Newton’s scale. To 
such an extent, and so differently in different crystals, does 


ce — а? 


vary with A, that in one varicty of the uniaxal аро- 


phyllite Sir John Herschel found that x. was almost 


exactly constant, so that more than 35 rings were visible: 
while in another variety c^ — a^ was positive for the rays from 


* The reader must not infer from this expression that there are no rings 
when c? is less than a?. On going through the whole of the investigation it 
will be seen that the very same expressions will apply, putting only a?— c? 
instead of c? — a?, 
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one end of the spectrum and negative for those from the other 
end, and — 0 for the intermediate rays, and only one or two 
rings were visible. 


158. Let a=0°, or the plane of reflection at the analyz- 
ing plate, coincide with that at the polarizing plate. The 
expression for the intensity 1s | 


a? (1 — sin? 2. sin? =) . 
AX 

This expression, added to that discussed in (157), produces a 
sum a° Consequently the intensity at any point of the image 
in this case is complementary to that in the case of (157). 
Thus, instead of a black cross interrupting the rings, there is 
a bright cross interrupting the rings: stead of the dark 
rings having radii 


TA aun 04 4а®\, Er 
(c —a) T"? (2-а) 1° 4$ 


and the bright rings having the radii 


0; соста x Sau. з 
(e = a?) JÈ ? (с = a) qn ? sy 


the bright tings have the former and the dark ones the latter. 

159. In the general case, there is no variation of the in- 
tensity with different values of Z or 2, (that is, there is a brush 
of some sort with light of uniform intensity throughout, iuter- 
rupting the rings), when 


sin (24 — 2a) . sin 2d = 0. 
For, the succession of rings depends on the alteration of values 
8 
X 
üplier. This equation gives 


of sin? — : and this is removed by the evanescence of its mul- 


yr=0, or = 90°, ог =180°, or =270°, or-a, or -90"--a, 


or = 180°+ a, or = 270° +a. 


RINGS PRODUCED BY UNIAXAL CRYSTALS. 135 


Consequently there are two rectangular crosses, inclined @ to 
each other, which interrupt the rings. If а Nicol’s prism is 
used, it is easily seen that one of these crosses has respect to 
the plane of polarization of the polarizing plate, and the other 
to that of the Nicol’s prism. The intensity of the ight in 
these crosses is а соза, Гог the parts between y=0, 
r= a, or between y= 90°, y= 90° + a, or between y= 180", 
a = 180° + а, or between y= 270°, r= 270° + a, the multi- 


plier of sin? = is positive, and the light is therefore greatest 


А ЗА 
when J= =, = v &o., and least when = А, = 2X, бос. : these 


9 ? 
four sectors are therefore occupied by portions of rings nearly 
similar to those in (157), the intensity for the portions of the 
bright rings being 


2 
= {1 + соз (4; — 2a)}, or а? сов? (ду — a), 
and that for the portions of the darker rings а? cos’ а. 


But for the parts between =a, 4 = 90°, &., the multi- 
З А ; ; : 

plier of sin! — is negative: the light is least when I =>, 
3A › 
dd &c., and greatest when Г= А, 2X, &c.: these sectors there- 
fore are oceupied by portions of rings nearly similar to those 
in (158), the intensity of the portions of the bright rings 
being а? сов? а, and that of the fainter rings 


а? cog? (дА — о). 


The brighter rings in the last-mentioned sectors have the 
same radii and the same brightness as the darker rings in 
those first mentioned: and this brightness is the same as the 
brightness in the eight rays of the crosses. 


Pror. 33. In the last experiment, Fresnel’s rhomb is 
placed between the polarizing plate and the plate of crystal, 
with its plane of reflection inclined 45? to the plane of polar- 
ization, so that the light incident on the crystal is circularly’ 
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polarized: to find the intensity of the light after reflection 
from В, and the form of the coloured rings. 


160. Resolve the vibration 
. (27 
a sin = (vt — 2 ; 
which is perpendicular to the plane of first polarization, 


с ma an 
into ya sin = (vt — 2 А 
perpendicular to the plane of reflection in the rhomb 
@ (от 1 
and NX = (vt — “| 
parallel to that plane. The latter of these, by (136), has its 


phase increased by 90°, and therefore on coming out of the 
rhomb the vibrations may be represented by 


a sin f (vt — 2) 
perpendicular to the plane of reflection 


a 2T 
and Loo Ix (vt — 2) 
parallel to that plane. Resolving these in directions perpen- 
dicular and parallel to the principal plane of the crystal, 
we find; 


Vibration which produces Ordinary ray 


= 75 cos (45° — ф). sin K (vt — 2 


а 


+ 5 sin (45° — ¢) . соз c (vt — 2 


= в sin [oc (ot — 2) + 40° — gh 
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Vibration which produces Extraordinary ray 


=— E sin (45° — $) . sin x (wt — 2j 
+ — cos (45° — ф). cos s (vt — 2} 


2 
= n cos e (vt — x) + 45 — $} : 
On emerging from the crystal, the Ordinary vibration being 
represented by the same expression, the Extraordinary vibra- 
tion must be represented by 


a 2T rl 
ا‎ (vt — ж) + 45° ee 
The resolved parts of these perpendicular to the plane of 
analyzation (which are the only parts that reach the eye) 
are 


х cos (a + $) . sin x (SS + 45° — 4 


+ sin (аф). cos E (ota дуъа EN, 


Expanding the last term, the coefficients of 
sin x (vt — x) + 45° — 2 


and cos fx (vt — x) + 45° — 2 | 


are 
Кот 
2 cos (a + ф) — jg sin (a+ ф). sin ==, 
: Qa 
and ji sin (a + $) . cos = 5 


and the intensity of the light, or the sum of the squares, is 


a 4 oam 
[1 sin (2a + 2) „sin 222}, 
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а? 1 . тї 
or — 41 — sin 2vr. sin — +. 


161. Since a does not enter into this expression, the ap- 

E will not be altered on turning B round its spindle. 

Vhen sin 2r = 0, that is when f = 0, or 90°, or 180°, or 270°, 
2 


the intensity is $ this shews that there is a eross with light 
of mean intensity interrupting the rings. When 
is > 0 < 90°, or > 180° < 270°, 


the expression is maximum when 
2ml 3m Um 


а 
and minimum when 
Oml т бт 
К E 
A. GE 
or maximum when 
ЗМ TX 
ca ES &c. 
and minimum when 
X 5X 
l= л ; Th š &c. 
When r is > 90° < 180° or > 270° < 360°, the expression is 


maximum when 
A TSN 
/= rg , T » &c. 


and minimum when 


Thus it appears that of the four quadrants into which the 
cross divides the image, each opposite pair is similar, but 
each adjacent pair is dissimilar: the bright rings in one quad- 
rant having the same radii as the dark rings in the next 
quadrant. And on comparing these expressions with those 
in (157), it will be seen that the effect of placing Fresnel's 
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rhomb has been to push the rings outward by + of an order 
in two opposite quadrants, and to pull them in by 1 of an 
order in the other two opposite quadrants. At the same time 
the cross which was perfectly black has now some light. 
The most important difference of character however which 
the use of T'resnel's rhomb produces is the unchangeability of 
appearances as 7? is turned round. 

If we compared the rings produced with the same position 
of Fresnel’s rhomb by two crystals, in one of which с? was 
>a’ and in the other of which с was <a’, then for a given 


order of rings, that is for those in which the magnitude of is 


б © Е А лот Ех. а 
without respect to its sign, is the same, si woüld be 


positive for the first and negative for the second, or vice versá. 
Consequently the bright rings of onc crystal would correspond 
fo the dark ones of the other. But we have seen that the 
bright rings of one quadrant correspond to the dark rings of 
the neighbouring quadrant. Consequently the rings. pre- 
sented by one of the crystals would be the same as those pre- 
sented by the other, supposing the latter rings turned round 
90°. This affords a convenient method of determining whether 
the double refraction of a uniaxal crystal is of the same kind 
as that of a standard crystal (for instance Iceland spar) or of 
the opposite kind. : 


Pror. 34. A plate of a biaxal crystal whose optic axes 
make a small angle with each other (as nitre or arragonite) is 
bounded by planes perpendicular to the plane passing through 
the axes and nearly perpendicular to each axis; light is in- 
cident at a small angle of incidence: to find the difference of 
retardation of the two rays. 


162. The accurate solution of this problem leads to some 
yather complicated expressions: and we shall therefore con- 
tent ourselves with a very approximate solution analogous to 
that found in (158). We have found there that the difference 
of retardation was nearly 

2-0, v (c —«) 


= Т: sin?z, or nearly. = T <=; 
24v- Я y. DOM 


sin?2 y. 
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where the difference of the squares of velocities of the two 
waves was (c’— а?) sin? d’: or that the difference of retardation 


T. 1 A 
was nearly == x difference of squares of velocities of the 


two waves. Аз the difference of retardation arises solely 
from the difference of velocities, we shall suppose the same 
proportion to be true here. Now by (125) neither of the rays 
undergoes Ordinary refraction, or has a constant velocity. 
Still, even in extreme cases, the velocity of one is so nearly 
a constant = a, that in a calculation depending almost wholly 
on the difference there will be no sensible error in considering 
one as constant and =a. And by (123), putting v' for the 
velocity of the other, 


а? —vo? = Оа. sin т. sin m, 
where m' and n’ are the angles made by the normal to its 


front with the two optic axes of the crystal (C being always 
small). 


Hence the difference of retardations 


_ TCav 
nao 


sin m' . sin n'. 


Now let us consider the system of rays in air which on 
entering the crystal wil pass in the directions that we have 
described. Let m and » be the angles made by the same ray 
in air with the rays which on entering the crystal will pass 
in the directions of the optic axes. As all the refracted rays 
(represented by the normals to the fronts of the waves) are 
in the same planes perpendieular to the refracting surface as 
the incident rays, and as all the angles of refraction are very 
nearly in the same proportion to the angles of incidence, it 
follows that all the other small angles depending on them, and 
their sines, are nearly in the same ratio. 


Hence 


ЕЕ Se Ре. (7 
sinam => sin m nearly, and sin м = „sn nearly : 
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and therefore the difference of retardations is 
Od? 
= sin m, SID n. 
20 


This as before we shall call Z. 


Pror. 35. A plate cut from a Маха] crystal, as in (162), 
is placed between the polarizing and analyzing plates: to in- 
vestigate the intensity of the light in different points of the 
image seen after reflection from B. 


168. Let ¢ be taken now to represent the angle made by 
the plane of polarization of either ray with the plane of first 
polarization, and the expression of (155), which 1s founded on 
no supposition except that the planes of polarization of the 
two rays are perpendicular to each other, will apply to this 
case, ‘The intensity of light is therefore 


а? ies а — sin 2$. sin (26 + 2a). sin? x я : 

Conceive fig. 36 to be the projection of the directions of the 
rays and planes on a sphere (or rather on the tangent plane 
to a sphere) of which the eye is the centre and whose radius 
i8 7. Let A, B, thus represent the optic axes, P any ray 
under consideration, DZ the plane of first polarization. Put 
В for the angle made by the plane passing through the optic 
axes of the crystal with the plane of first polarization. Let 
PQ bisect the angle APB: then, by (124), PQ represents the 
plane of polarization of one ray, and therefore 


Р@А=ф+ B. 
Also sinm = E nearly, sinn= 5 nearly, 


and therefore 
Oa 


Ie AP BE 
2ur ] 


164. Now the form of the brushes interrupting the rings 


will be discovered by making the multiplier of sin? Ti 0. 
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This gives 
sin2@=0, or sin (20 + 20) = 0. 
Consequently 
tan (2$ + 28) = ton 28, or = tan (28 — 2a). 


Now refer P to the point C bisecting AB, by rectangular co- 
ordinates, 2 being measured in the direction CA and y per- 
pendicular to it; let СА = 6. Then 


tan РАЈ = 1: tan Pepe —Î ji 
2—6 2+0 


whence tan (2ф + 28) = tan 2PQA = tan (PDF + PAP) 
(because PQ bisects the angle at P) 


22у 
а? — 00 ر‎ ` 
Hence the brushes are determined by these equations: 
» = Ee = tan 26, 
or (z^ — 0° —3^) tan 28 —2zy =0; 
y 


—; = tan (28 — 2 
ай س‎ 0—1 tan ( 8 a), 


or (а? — 0° — 3) tan (28 — 24) — 23 — 0. 


These are evidently equations to hyperbolas, of which C 
is the center. As in both of them y=0 when а= tb, the 
hyperbolas defined by both equations pass through 4 and В. 
The position of the asymptotes will be determined by sup- 
posing 2 and y very great compared with 0: this gives in the 
first equation 


af 2 y 
Y, + 2cot 282 —1—0, or satta or — cot 8, 


and similarly in the second 


J =+ tan (8 —«) or ~ cot (8 ~ а). 
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This shews that both hyperbolas are rectangular, and that the 
asymptotes of one are parallel and perpendicular to the plane 
of first polarization; and those of the other inclined to them 
by a, or (if Nicol’s prism is used) parallel and perpendicular 
to the plane of polarization of the Nicol’s prism. The in- 
tensity of light in the brushes is 


а? сов? a. 


165. When В = 0, ог = 90°, tan 28 = 0, and the first hy- 
perbolas are changed into two straight lines, опе in the direc- 
tion of F'G, and the other perpendicular to it, passing through 
C. Similarly when 8 = а, or =90 +a, the second hyper- 
bolas are changed into a similar cross. Whatever be the 
value of f, if « 20 or =90°, the two pairs of hyperbolas 
coincide: but the value a = 0 gives for the intensity a’, or the 
brush is bright: and the value a = 90° gives for the intensity 
0, or the brush is black. 


166. The nature of the rings is determined by the varia- 
tions of value of the last term 


— sin 26. sin (20 + 2a) . sin? E : 


When $> 0< 90° —a, ог > 90° < 180° – о, 
or > 180° < 270° — a, or > 270° < 360° — a, 
(the limits of which are determined by the hyperbolas already 
described) the brightness 18 greatest when 
dE» Qu GN ON We, 
and least when 


When ¢>90°—«<90°, the brightness is greatest when Z= 


3X 
чу , &e. and least when /= 0, X, 2А, Ke. 


> 


nolo 


The cases when a= 0 or & = 90° will be very easily investi- 
gated by the reader. 
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167. It is plain then that the general appearance will 
be rings, interrupted by the brushes, in such a way that the 
bright rings on one side of the brushes correspond to the dark 
rings on the other side (except a=0 or «a —90*, when the 
number of brushes is diminished, and the rings on opposite 
sides correspond); and that the form of these rings will be 
determined by the equation 7 — X x constant; or, by (163), 

3 

eem AP. DP —X х constant, 

Zur 
2072 
ROT 
where the constant determines the order of the rings. The 
curves determined by this equation are of the kind called 
lemniscates. If the constant is small, they will be nearly 
circles of which А and B are centers. As the constant is in- 
creased, the circles become elongated towards C: at last they 
become a single curve like the figure 8 crossing at C: then a 
single curve like a ring nipped so as almost to meet in the 
middle: and afterwards a ring slightly flattened. Combining 
this determination with thosc of (164) and (166) it is seen 
that, supposing values of 8 and a similar to those in figs. 35 
and 36, the general appearance is that of fip. 37, where the 
curves represent the dark rings. 


or AP. BP= 


x constant, 


168. Since AP. DP «c constant that determines the order, 
the radii of the successive rings, when they are small and 
nearly circular, are as 1, 2, 3, &c. nearly. In this respect they 
differ from those of a uniaxal crystal, which are as y1, /2, /3, 
&o. (157). And since АР. ВР, 
with a thick plate of a given crystal than with a thin plate. 


the rings are smaller 


А 1 А А 
And since АР. BP o 9° the rings are smaller with a crystal 


that produces a great difference in the velocity of the two rays 
than with one whose energy is feeble. And since AP. BP ox X 


0N 9 : 
or rather ос Cat? the curves are ceteris. paribus larger for red 


than for blue rays. 
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169. There is however one difference between the curves 
for the different colours which in its nature is unlike any 
thing else that we have yet seen, It is, that the optic axes 
for different colours do not coincide. In every instance how- 
ever the alteration of place is symmetrical with regard to the 
two axes. Thus the two red axes may be less inclined than 
the two blue axes, or vice versá, but the angle between one 
red and one blue axis is the same as that between the other 
red and the other blue. In one or two instances this angle 
amounts to nearly 10°. The consequence is that the colours 
are not the same in different parts of the rings of the same 
order. Suppose for mstance (as in nitre) the red axes arc 
less inclined than the blue. As the red rings are larger than 
the blue, we shall, on taking points exterior to A and В, find 
positions where all the colours are mixed or all are absent, 
and therefore the rings are nearly white and black. If we 
trace the same rings to the positions between A and B, the 
red rings will very much overshoot the blue rings, and there- 
fore the rings have the colour peculiar perhaps to a high order 
in Newton’s scale. : 


170. It was till very lately supposed that the axes of the 
different colours are all in the same plane. Sir J. Herschel 
has discovered that in some instances (in borax for example) 
this is not true: the planes, however, as far as yet observed, 
all pass through the line bisecting the angle formed by the 
two axes. The reader will have little difficulty in conjectur- 
ing the nature of the alteration which this irregularity pro- 
duces in the colours of the curves. 


Pror. 36. In the experiment of Prop. 35, Art. 163, 
Fresnel’s rhomb is interposed between the polarizing plate 
and the crystal: to find the form, «е. of the coloured 
curves. 


171. As in (160), the intensity of light at any point is 


2 А ті 
$ [sm (29 + 2a) . sin m : 


There is a brush interrupting the rings where 
sin (2 + 22) =0: 
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this is the same equation as that which determines the second 
hyperbolas in (164), and which when B=a or = 90° + a 
becomes a cross. When sin (2ġ + 2a) is positive, the in- 
Si 3 с 3N TX ae : A 
tensity is maximum if [ mu x. &c., and minimum if Г=- 


4 a 
5X : 2 à 
T &c.: and the contrary when sin (2ф + 20) is negative. 
These spaces are separated by the brush: consequently the 
bright rings on one side of the brush correspond to the dark 
rings on the other side. The form of the rings is just the 
same as in (167). 


Prop. 87. A plate of uniaxal or biaxal crystal, cut in 
any direction different from those of (150) and (162), 1s placed 
between the polarizing and analyzing plates: to find the ap- 
pearance presented to the eye. 


172. The general expression for the brightness in (155), 
3 CE CEN 2 
© fı + cos 2p . cos (2h + 2a) + sin 2¢ . sin (26 + 2a) . cos Il 


applies to this case. To confine ourselves to the most im- 
portant instances we will make « — 90°, which reduces the ex- 
pression to 
2 
Gane 2т1Ї 
e sin’ 25 ( — cos 21) . 


By Lis meant here the space that one ray (which whether in 
uniaxal or biaxal crystals we shall call the Ordinary ray) is 
retarded more than the Extraordinary ray, and to which the two 
expressions in (162) still apply, observing only that in the 
former 7’ is the angle made with the axis. The essential dif- 
ference between this case and that of (155) and (162) is, that 
here Z is large for all rays which pass nearly perpendicular to 
the plate. 


(1) If the plate be thick, all traces of colours will dis- 
appear (as we have seen in several cases of inter- 
ference where one ray had gained many multiples of 
X on another) For, Г being considerable, a very 
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Sad А 9m 
small variation of X will make - x vary by 27: and 
thus, for the various rays included in every small 
Ё 2 5 о 
portion of the spectrum, cos 274 will have all its 


values, positive and negative, and the sum of all these 
values will be = 0. The intensity of light will there- 
fore be 2 sin? 2¢ x incident light, a proportion which is 
the same for all the colours. On turning the plate 
round in its plane, $ will vary from 0 to 360°, and 
the light will disappear four times. It will be 
greatest when ф = 45°, 135°, &c. 


Colours may however be produced by crossing two 
plates of very nearly the same thickness cut in the 
same manner from the same crystal. For let J be 
the retardation of the Ordinary above the Extra- 
ordinary ray in the first, Z that in the second; J’ 
will be very nearly equal to 7. And, the plates 
being at right angles to each other, the Ordinary ray 
of the first will be the Extraordinary ray of the 
second. J’ therefore will be the acceleration in the 
second plate of the same vibrations for which Z was 
the retardation in the first: and therefore the whole 
retardation is Z— Г, and the brightness is now 


„2r (I-T) 
STIL 


„т(1— Г) 
e med 


a? 
26 
5 sin’ 2ф fı — co 


or а? sin'29 . sin 


The space /— Г may be so small that the arc 
= = may differ little (not more than a fraction 
of т or a small multiple of т) for differently coloured 


rays, and then there will be vivid colours. 


Colours may also be produced by applying together, 
with their axes parallel, two plates cut from uniaxal 
crystals, one of the positive and one of the negative 
class (as quartz and beryl). For in one of these the 
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Ordinary ray is most retarded, and in the other the 
Extraordinary ray is most retarded: and as the Ordi- 
nary ray in one forms the Ordinary ray in the other, 
the ray which is most retarded in the first is least 
retarded in the second, and thus the difference of re- 
tardations may be made as small as we please. 


From the bodies which crystallize in lamine it is 
frequently possible to detach a plate so thin that 
it will exhibit colours: for instance sulphate of lime, 
or mica. Both these are biaxal: in the former the 
axes are in the plane of the laminw: in the latter 
they are in a plane perpendicular to it, but widely 
separated, 


Tn all these cases, the colours do not form small rings, 
as in the cases that we have treated at length, but are 
diffused in broad sheets. This arises merely from 
the circumstance that the expression for J or /— Г 
varies very slowly with the variation of incidence. 
In sulphate of lime, for instance, a ray perpendicular 
to the laminze makes 


m= 90% n=90°: 


а гау inclined to this will produce very little altera- 
tion in sin т’. зіп т on which J depends. The same 
is true in mica, where the ray makes equal angles 
with the two axes. If it be inclined in the plane 
of the axes, sin m'. віп ж” is diminished: if perpen- 
dicular to that plane, sin ти. sin x’ will be increased, 


173. If the thickness of a lamina of sulphate of lime or 
mica is such that, for a ray perpendicular to the lamina, 


P4 =) for mean rays, the lamina may be used instead of Fres- 


nel’s rhomb. For here the light which is incident is resolved 
into two sets of vibrations at right angles to each other, and 
one of these is retarded in its phases by 90° more than the 
other; which is preeisely the effect of Fresnel’s отр. There 
is however this difference between them. In Fresnel’s rhomb, 
whatever be the colour of the light, the retardation of the 
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phase is exactly 90°, or the corresponding retardation in space 
: X 

is exactly ri whatever* the value of А may be. In the crys- 
tallized plate, on the contrary, the retardation for mean rays 1s 


exactly х, but it is greater than ^ for blue rays, апа less 


than X for red rays. This is seen most distinctly on putting 


several such laminæ together, when the light which is reflected 
from the analyzing plate is coloured: whereas on putting to- 
gether several Fresnel's rhombs, there is no such colour. It 
is plain that, in substituting such a lamina for Fresnel’s 
rhomb, the plane of vibration of that ray which is least re- 
tarded corresponds to the plane of reflection in the rhomb. 


If a thicker plate (for instance one that produces a differ- 
ence of retardations amounting to 6X for mean rays) be placed 
with its planes of polarization inclined 45° to that of first 
polarization, the effect on the rings of a uniaxal crystal is 
very remarkable. In two opposite quadrants, the ray which 
is most retarded furnishes the Ordinary ray, and in the other 
two the same furnishes the Extraordinary ray. In two oppo- 
site quadrants therefore the difference of the paths of the rays 
of the uniaxal crystal is increased, and in the others dimi- 
nished ; and therefore in two the colours are those belonging 
to distant rings, while in the other two the colours of the fifth 
or sixth ring are pure white and black, as if they were close to 
the center. 


174. The investigations which we have given will apply 
to all the crystalline bodies whose laws of double refraction 
are accurately known. Quartz has been mentioned as an ex- 
ception to the common laws of uniaxal crystals. It appears 
that the phenomena which it exhibits may be perfectly repre- 
sented by supposing the Ordinary ray to consist of elliptically 
polarized light whose greater axis is perpendicular to the 
principal plane, and the Extraordinary ray to consist of ellip- 


* This is not strictly true, as the same angle of incidence in the rhomb does 
not produce exactly the same effect for all rays : but it is much more exact than. 
the other. 
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tically polarized light whose greater axis is in the principal 
plane: these two rays having also the difforence* mentioned 
in (141): and the ellipses being changed to circles when the 
direction of the rays coincides with the axis of the crystal. 
It is also necessary to suppose that the axis of revolution 
of the spheroid (prolate for quartz) in which the Extraordi- 
nary wave is supposed to diverge (115) is less than the radius 
of the sphere into which the Ordinary wave diverges. For 
these investigations we must refer the reader to the Cambridge 


Transactions, Vol. тү. 


Pror. 38. In every case where the interposed crystal 
resolves the light into two rays polarized in planes at right 
angles to each other, on turning the analyzing plate 90° the 
intensity of the light at cach point is complementary to what 
it was before. 


175. This is seen from the expression of (155). On put- 
ting 90° + а for a, the expression becomes 


a © 2 Qa] 
y 11-608 2h.cos (29 +24) —sin 2h.sin (2ġ +24). cos cx 


which added to that in (155) makes a°. Thus if in one case 
there is black, in the other there will be white: if in one there 
is an excess of red at any point and an absence of blue, in 
the other there will be an absence of red at the same point and 
an excess of blue, &o. 


If instead of an analyzing plate we use the doubly refract- 
ing prism described in (117), two images are seen at once in 
different positions, every part of one of which is comple- 


* The crystal is right-handed or left-handed according as the Ordinary or 
the Extraordinary ray is of the first of these kinds. Sometimes (as in macled 
quartz, or amethyst) the two species of quartz are mixed; the optical pheno- 
mena which the mixture presents are very remarkable. It is to be observed (as 
a consequence of what is stated in the text) that in the direction of the axis the 
two rays, cireularly polarized in opposite ways, are transmitted with different 
velocities: no mechanical theory has yet been formed which will completely 
account for this. (See however Mr Tovey's papers in the Philosophical Maga- 
zine.) It is remarkable that several fluids (as turpentine, sugar and water, бс.) 
possess this property, and even the vapour of turpentine: and apparently in all 
directions, 


DOUBLE REFRACTION OF GLASS UNDER PRESSURE. 151 


mentary to the corresponding part of the other. For, one 
pencil emerging from the prism consists only of vibrations 
perpendicular to the plane of refraction of the prism, and 
therefore presents to the eye the same image as the analyz- 
ing plate in a given position: the other consists only of vi- 
brations in the plane of retraction, and therefore presents the 
same image as the analyzing plate in the position differing 90° 
from the former. 


Prop. 39. Glass under pressure possesses double refrac- 
tion. 


176. This was experimentally shewn by M. Fresnel in 
the following manner. A number of prisms were placed as 
in fig. 88, and to prevent loss of light a fluid of nearly the 
same refractive power was dropped between the adjacent sur- 
faces. The ends of A, B, C, D, were then violently pressed 
by means of screws. On passing a ray of light through the 
combination it was divided into two, one polarized in the 
plane of the paper and the other in the perpendicular plane. 


177. It is found also that pressure affects the separation 
of the two rays in crystals which possess the property of double 
refraction. This leads to the presumption that double refrac- 
tion is produced generally by a state of mechanical constraint 
in the particles of bodies. 


178. According to our preceding theories, since com- 
pressed glass possesses double refraction, it ought, when pro- 
perly interposed between the polarizing and analyzing plate, 
to exhibit colours. This may be scen on squeezing by means 
of a screw a piece of glass and holding it in the apparatus. 
But it may be best exlubited by taking a thick piece of plate 
glass which is polished at the edges, and bending it by a 
weight or a screw pressing the middle, and in that state 
placing it edgeways between the polarizing and analyzing 
plates at an angle of 45° to each plane of reflection. A black 
line is seen along the middle extending the whole length, 
with stripes more and more coloured on each side: the num- 
ber of stripes is greatest in the middle of the length (per- 
haps six dark and as many bright): towards the ends the 
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stripes become broader and fewer, and the ends are wholly 
black. It is plain here that the central black line is seen in 
those parts which suffer no strain; and that those which are 
extended as well as those which are compressed possess double 
refraction. On putting a plate of mica across it, with the 
plane of its axes, either parallel or perpendicular to the plane 
of the glass, and comparing its effects on the fringes with 
its effects on the rings of Iceland spar, &e., it is found that 
the double refraction of the compressed parts is of the same 
kind as that of a negative crystal, and that of the extended 
parts of the same kind as that of a positive crystal, the 
axis being supposed to lie in the direction of the length of 
the plate glass. 


179. It is found also that if glass is heated in one part, 
or if it is heated generally and cooled in one part, or if it is 
made nearly red hot and suddenly cooled by placing between 
cold irons, &c., it possesses the property of exhibiting beau- 
tiful colours divided by black brushes, &c., when placed be- 
tween the polarizing and analyzing plates. There is no doubt 
that the glass is here in a state of mechanical constraint. On 
turning the glass, the black brushes are seen to pass by turns 
over every part. This determines the plane of polarization 
of the rays at every part of the glass, since at that point (172) 
ф must = 0, 90°, бе. : that is, the two planes of polarization 
aro then parallel and perpendicular to the plane of first polar- 
ization. 


180. Between constrained glass and crystals there is 
however one important difference. The rings, &c. exhibited 
by crystals respect a direction which is independent of the 
size of the specimen or the part from which it is taken. The 
smallest fragment of crystal properly shaped may be made to 
exhibit the rings as well as the largest. In constrained glass, 
on the contrary, the rings and brushes cannot be scen, except 
the specimen is placed so far from the суе that the whole can 
be seen at once: and then we perceive an effect, not similar 
to that produced by rays passing in different directions through 
the same crystal, but to that produced by a number of crystals 
of different doubly refractive power arranged in different posi- 
tions and then united into one system. 
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181. It may be useful to examine the effects of the three 
agents which are necessary, and in a particular order, for the 
exhibition of these appearances: namely the polarizing plate, 
the analyzing plate, and the interposed crystal. We shall 
begin with the last. 


It is necessary that there should be an interposed body 
for the purpose of altering the nature of the ray in order to 
make it retlexible at the analyzing plate. We know of only 
two ways in which this can be done. One is, by resolving 
the vibrations into two parts and suppressing one of them. 
This is done if a plate of tourmaline with its axis inclined 45° 
to both planes of reflection is interposed; light is then re- 
flected from the analyzing plate. The other is, by resolving 
the vibrations into two parts and retarding one; the retard- 
ation being either constant (measured by its effect on the 
phases), or varying with the colour of the light and with the 
direction of the ray. The first of these is done when Fresnel’s 
rhomb is interposed: the second when a crystal or any body 
possessing double refraction is interposed. In either of these 
cases, the nature of the light compounded of these two parts 
as they emerge is different from that of the light which 
enters. But, in the former case, the change in the nature of 
the emergent light is sensibly the same for all rays nearly 
in one direction; in the latter case, it is very different even 
for rays whose inclinations did very little. When the planes 
of reflection at the polarizmg and analyzing plate coincide, 
the same contrivance is necessary in order to make the light 
less capable or wholly incapable of reflection at the analyzing 
plate. 


It is necessary for the exhibition of coloured rings that 
there should be an analyzing plate; because, in all the cases 
of resolution that we know, the intensity of the light pro- 
duced by the union of the resolved parts, after one of them 
has been retarded, is constant (155), and equal to that of the 
light before it was resolved. But by again resolving this 
united light according to a certain law into two parts, and 
preserving one, it is probable that in different directions the 
preserved part will have different values, inasmuch as the 
nature of the light emerging from the crystal in different 
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directions is different. And this in fact is the origin of the 
coloured curves. But there is no necessity that the resolution 
should be (as we have commonly supposed) into two sets of 
vibrations at right angles to each other, of which only one is 
preserved. For instance, if Fresnel’s rhomb is interposed 
between the crystal and the analyzing plate, coloured rings* 
of a different kind are seen. This artifice amounts to the 
same as resolving the light when it emerges from the erystal 
into two rays, both elliptically polarized, of the opposite kinds 
mentioned in (141), and preserving only one. If any other 
kind of resolution could be conceived, it would serve as well 
for exhibiting coloured rings, of forms probably different. 


With respect to the necessity for a polarizing plate, there 
is a little more difficulty. We see from theory, as well as 
from observation, that light consisting of vibrations parallel 
to a certain plane will, after passing through the crystal and 
undergoing analyzation, exhibit coloured rings. But we see 
also that other kinds of light will do as well. For instance, 
circularly or elliptically polarized light (of which one has lost 
all trace of polarization according to the usual tests, and the 
other has but imperfect traces) will exhibit rings. Common 
light however will not exhibit rings. 


182. It becomes then a matter of interest to inquire what 
is the difference between common light, and the class com- 
prehending plane-polarized, circularly polarized, and elip- 
tically polarized light. Now for a given colour of light, (that 


* There is no difficulty in investigating their form. Each of the rays 
emerging from the crystal is to be resolved into two sets of vibrations, one 
parallel and one perpendicular to the plane of reflection in the rhomb: the phase 
of the former is to be accelerated 90°; and the light emerging from the rhomb 
is to be resolved as usual at the analyzing plate. lf the incident light is circularly 
polarized, and a uniaxal crystal is interposed, the rings are circular without any 
brush or cross: the center is bright or black according as the two Fresnel's 
rhombs have their planes of reflection coincident or at right angles to each 
other. If a biaxal crystal is interposed, the rings are uninterrupted, as there is 
no brush of any kind. This experiment is worthy of notice, as being the only 
one (so far as we know) in which the rings, and especially the lemniscates, are 
seen in their whole extent without interruption, Instead of placing a Fresnel’s 
rhomb between the crystal and the analyzing plate, it is more convenient to use 


a plate of mica which retards one ray more than the other by х. and to place 


it with the plane of its axes inclined 45° to the plane of polarization. 
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is, where the length of waves is invariable), and for a given 
intensity of light (that is, where the coefficient of vibration is 
invariable), the most general kind of light that we ean con- 
ceive is elliptieally polarized light; inasmuch as the union of 
any number of vibrations in any directions and following each 
other at any intervals will produce elliptically polarized light. 
Common light therefore must be elliptically polarized (in- 
cluding in this term plane and circularly polarized). The 
phenomena of interference, which are exhibited in every re- 
spect as well with common light as with polarized light, 
require us to allow that many successive vibrations are ex- 
actly similar to each other. For instance, on examining 
Newton’s rings, when the incident light is that of a spirit- 
lamp, or that from any one point of the solar spectrum (which 
are nearly homogeneous), fifty or sixty rings may be seen 
very well, and perhaps more in favourable circumstances. 
Since the sixtieth of these rings is produced by the inter- 
ference of a wave with the sixtieth followmg wave, we must 
conclude not only that sixty successive waves are exactly 
similar, but that a large multiple of sixty successive waves 
are exactly similar. "Phe state of the investigation then at 
present is this. The phenomena of interference, combined 
with our most general ideas on the nature of light, compel us 
to suppose that common light consists of elliptic vibrations, 
many of which in succession are exactly similar. The dit- 
ference between the phenomena of polarization (with a crystal 
aud an analyzing plate) exhibited by common light and by 
elliptically polarized light, shews that common light* does 
not consist of an indefinite succession of similar elliptie vibra- 
tions. 


183. The only supposition that seems able to reconcile 
these conclusions is this. Common light consists of successive 


* We have not mentioned here the law discovered by the French philoso- 
phers, that if two streams of common light from the same source were polarized 
in planes perpendicular to each other, and afterwards brought to the same plane 
of polarization, they would not interfere ; but if two streams of polarized light 
from the same source were treated in the same way, they would interfere. The 
fact is, that the observing of rings, &c. in crystals is far the best way of making 
the experiment: the crystal which has double refraction exhibits the two rays 
polarized in perpendicular planes and the analyzing plate brings them to the 
ваше plane of polarization. 
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series of elliptical vibrations (including tn this term plane and 
circular vibrations), all the vibrations of each series being 
similar to each other, but the vibrations of one series having 
no relation to those of another. The number of vibrations in 
each series must amount to at least several hundreds; but the 
sertes must be so short that several hundred series enter the eye 
in every second of time. 


It must be observed that a gradual change in the nature 
of the vibrations is inadmissible. If, for instance, we sup- 
posed the vibrations elliptical, and supposed the ellipse to 
revolve uniformly about its center, it would be found that 
the vibrations in each plane could be resolved into two whose 
lengths of wave were different; and compounding the cor- 
responding vibrations in perpendicular planes, we should 
ee two rays of elliptically polarized light of different co- 
ours, 


As a simple instance of our general supposition, suppose 
1000 similar vibrations in oue plane to be followed by 1000 
vibrations, of magnitudes equal to the former, in the plane at 
right angles to the former plane; then 1000 in the same plane 
as at first, &c. The succession of similar waves would be 
sufficient to give all the phenomena of interferences in per- 
fection. At the same time, no colours would be exhibited 
with a crystal and an analyzing plate. For the first series 
alone would give rings and colours, but the second would 
give rings, &c. with intensities exactly complementary? to 
the former: and as these would enter the eye in such rapid 
succession that we could not distinguish them, we should 
rd perceive the combined effect, which would be a uniform 
white. 


184. We have always spoken of the colour of a ray as if 
it alone were sufficient to identify the nature of the ray. 
Perhaps, however, it would have been better to consider a 
ray as defined by its refrangtbility. The remarkable expe- 
riment of Fraunhofer (84), from which it appears that the 
interruptions in the spectrum formed by interference corre- 


* This is seen in our expressions (155) by putting ¢ + 90° instead of ¢, and 
a — 90° instead of a. 
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spond exactly to those in the spectrum formed by refraction, 
seems decisive as to this point, that rays of the same re- 
frangibility are produced by waves of the same length. It 
has, however, long been the opinion of some philosophers 
that there are rays of different colours which have the same 
degree of refrangibility, and that there are rays of the same 
colour with different degrees of refrangibility. Taking this 
as established, the conclusion seems to be, that colour does 
not depend on the length of a wave, but probably on some 
other circumstance, as perhaps the nature of the vibration. 
The law of vibration may be, not that of a cycloidal pendu- 
lum (as we have all along supposed), but something slightly 
different. It may be that the effect of an absorbing medium 
is to suppress all that part of the vibration which follows that 
law, and to allow only the other to pass. These, however, are 
very vague conjectures, which can scarcely be examined till 
our knowledge of the subject in question is much more exten- 
sive than it is at present. 
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TABLE of the NUMERICAL VALUES of the DEFINITE INTEGRAL 
4 
$ (п) = zh y (1 — 20°) cos nw, from w — 0 to n=1, 


for different values of n; 
[referred to in Article 86]. 


т ¢ (n) т ф (п) т ф (n) 
0,0 + 1,0000 4,0 — ,0830 8,0 + ,0587 
0,2 + ,9950 4,2 — ,0660 8,2 + ,0629 
0,4 + ,9801 4,4 — ,0922 8,4 + ‚0645 
0,6 + ,9557 4,6 — ,1116 8,6 + 0634 
0,8 + ,9221 4,8 — ,1244 8,8 + ,0600 
1,0 + ,8801 5,0 — ,1310 9,0 + ,0545 
1,2 + ,8305 5,2 — ,1320 9,2 + 0473 
1,4 + QA 5,4 — ,1279 9,4 + ,0387 
1,6 + ,7124 5,6 — ,1194 9,6 + ,0291 
1,8 + ,6461 5,8 — ,1073 9,8 + ,0190 
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3,8 + ,0067 7,8 + ,0516 11,8 — ,0394 
4,0 — ,0330 8,0 4,0587 13,0 — ,0372 


O m o e o ut ./.:.::1,í e 


CAMBRIDGE: PRINTED AT THE UNIVERSITY PRESS. 


* 
T 
- а DM 
3 
| LS 
1 
E 
P 
T. 
Ж i 
ue 
1 
=. Y ET 
"i і 
И PN 


7 
пое CG hehe 
ede © ye EA 
АИЛ ck 
9 cadergAeckK û 

eu e fq РУЧА 
Cig Te А Atk 
2 


edb el ghikl 
vA 


5 


` 


Á 


ZW 
y eq е 
AN к 
e PLA 
РИ 2 


pu. 5 


ы, 
LF i = 
PA 7 ec и 


ГА 


4 e ЯГА 4 
At "4 

i 

E: ; 

a P 

А 3 

Ао 

) ae ' 


Airy s Mathematica! Tracts. 


(a) abedelghihtim abkchelrght hk dmat ek a Ligh Ж unu 


7 


ere! LS ab ed elyh th fom a hf eater quoc tne OO oup A M ma” 


ГА 


абое Pg hikimabede l g ВОЕНА e f g БИГ” 


abedetg hth € mabede sg ht hi mabene sy Wis ki lima" 


(є) абе е АХАС CHEF EG Ж unm aua РИТУ a” 


Ter (0) 


abedel ghiklmabed el g б tmu edu P gt KCK tinue 


2 
a ё e a e r gA A 4 ln apodEe sgh Lk vg Wee "Wi inu 


e В 
pm ад“ C ae 
g j б & б К 
зау p жол Коше ЖЭКИ к ш E: 


—————— А ѓ a 


ped ЛАДА а р OT i 


eme ja с m 2. = – 0 | oy 
e : “ma? 4 «b E 


Plate I. 


€, 
G 
A 
2 
“ 
B 
D 


ate 


эчү 


y! 
а 
? 
! 
t 
€ 
pin 
EU 
M A 
5; 


^3 


O 


b 


ру Mathenutteett Tracts. 
J SSPE Plate IL. 


| 
ШЕ. 
cA Ltn of Li poliurietio, 


35 
E 


2 
а a 

- D 
Im a 


К є 
Е т 
a 
zu 4 Е 
И Е 


Е К 
17 Е í OX 
PUTEM 4 


vo NE 


MA 
AP es xp 


= Е 

Е - 
| o Ooo Е 

e I { 


16, BEDFORD STREET, COVENT GARDEN, LONDON. 


AND AT CAMBRIDGE, 


MACMILLAN AND COS 
LIST OF PUBLICATIONS. 


A BOOK OF THOUGHTS. 


Dy H. A. тӧто. cloth extra, 
gilt, 3s. 6d. 


ACROSS THE CARPA- 
THIANS. In 1858-60. With 
a Map. Crown буо. 7s. 6d. 

AISCHYLE EUMENIDES. 
The Greek Text with English 
Notes, and an Introduction. By 
BERNARD DRAKE, М.А. 
буо. 75. 6d. 

AIRY.—TREATISE on the 
ALCEBRAICAL and NUME- 
RICAL THEORY of ERRORS 
of OBSERVATIONS, and the 
Combination of Observations. 
3y б. B. AIRY, M.A. Crown 
буо. 65, 6d. 


ALLINGHAM.— 
LAURENCE BLOOMFIELD 
in IRELAND. A Modem Poem. 
By WILLIAM ALLINGHAM. 
Fcap. буо. 7s. 

ANDERSON. — SEVEN 
MONTHS RESIDENCE in 
RUSSIAN POLAND in 1863. 
By the Rev. FORTESCUE L. 
M. ANDERSON. Cr. 8vo. 65, 

ANOTHER “STORY of the 
GUNS;" or Sir Emerson Ten- 
nent and the Whitworth Gun. By 
the “FRASER REVIEWER." 
Extra fcap. 8vo. 25. 


ANSTED.—THE GREAT 
STONE BOOK of NATURE. 
By DAVID THOS. ANSTED, 
DEAS TOROS. ESOS. Etap: 
Svo. 55. 


ANSTIE. — STIMULANTS 
and NARCOTICS, their MU- 
TUAL RELATIONS. With 
Special Researches on the Action 
of Alcohol, /Ether, and Chloro- 
form, on the Vital Organism. By 
FRANCIS E. ANSTIE, Мр. 
M.R.C.P. Svo. 147. 


ARISTOTLE ON THE 
VITAL PRINCIPLE. Trans- 
lated, with Notes, by CHARLES 
COGEIER, MOTERS Or 
Svo. 8s. ба, 


ARNOLD. — A FRENCH 
ETON ; or, Middle Class Educa- 
tion and the State. By MAT- 
THEW ARNOLD. Fcap. буо. 
25. 6d. 


ARNOLD. — ESSAYS ON 
CRITICISM. By MATTHEW 
ARNOLD, Professor of Poetry 
in the University of Oxford. Fcp. 
8vo. cloth, бу. 


ARTIST and CRAFTSMAN. 
A Novel. Crown $vo. бу. 
A 


2 “MACMILLAN AND COS 


BARWELL.—GUIDE in the 
SICK ROOM. By RICHARD 
BARWELL, F.R.C.S, Extra 
fcap. 8уо. 35, Ód. 


BEASLEY.—An ELEMEN- 
TARY TREATISE on PLANE 
TRIGONOMETRY. With a 
Numerous Collection of Exam- 
ples. By R. D. BEASLEY, 
M.A. Crown буо. 3s. бё. 


BERNARD. —THE PRO- 
CRESS OF DOCTRINE IN 
THE NEW TESTAMENT. 
By THOMAS DEHANY BER- 
NARD, M.A. буо. cloth, 85. 64. 


BIRKS.—The DIFFICUL- 
TIES of BELIEF in connexion 
with the CREATION and the 
FALL, By THOS. RAWSON 
BIRKS, M.A. (Cr. 8vo. 45. 6d. 


BIRKS.—On MATTER and 
ETHER; orthe Secret Laws of 
Physical Change. By THOS. 
RAWSON BIRKS, M.A. Cr. 
Svo. 55. Gd. 


BLAKE.—THE LIFE OF 
WILLIAM BLAKE, the Artist. 
By SLE СЕНЕ: 
With numerous Illustrations from 
Blake's Designs and l'ac-similes 
of his Studies of the “Book of 
Job.” 2 vols. Medium буо. 325. 


BLANCHE LISLE, AND 
OTHER POEMS. By CECIL 
HOME. 1ёсар. 8vo, 45. 6d. 


BOOLE—A TREATISE 
on DIFFERENTIAL EQUA- 
TIONS. By GEO, BOOLE, 
I.C.L. New Edition, Edited 
by І. TODHUNTER, MA, 
F.R.S. буо, cloth, 145. 


BROCK.—DAILY 


BOOLE.—A TREATISE on 
the CALCULUS of FINITE 
DITTERENCES. By GEO, 
BOOLE, D.C.L. Crown Sro. 
10s. 6d, 


BRIMLEY.—ESSAYS, bythe 
late GEORGE BRIMLEY, M.A. 
Edited by W. G. CLARK, М.А, 
With Portrait. Second Edition. 
Fcap. 8vo. 55. 


READ- 
INGS on the PASSION of OUR 
LORD. By Mrs. П.Е, BROCK. 
Fcap, 8vo. 4s. 


BROOK SMITH.—ARITH- 
METIC in THEORY and 
PRACTICE. For Advanced 
Pupils. Part First. By J. BROOK 
SMITH, M. A. Crown буо. 35, б, 


BULLOCK—POLISH EX- 
PERIENCES during the IN- 
SURRECTION of 1863-4. By 
W.H. BULLOCK. Crown буо. 
with Map, 8s. 67. 


BURGON.—A TREATISE 
on the PASTORAL OFFICE. 
Addressed chiefly to Candidates 
for Holy Orders, or to those who 
have recently undertaken the cure 
of souls. By the Rev, JOHN W. 
BURGON, M,A. Svo. 125. 


BUTLER (ARCHER). — 
WORKS by the Rey. WILLIAM 
ARCHER BUTLER, M, A, late 
Professor of Moral Philosophy in 
the University of Dublin :— 

1 SERMONS, DOCTRINAL 
and PRACTICAL. Edited, with 
a Memoir of the Author's Life, by 
'THOMASWOODWARD,M.A. 
With Portrait, «07 Edition. 
8vo. 127, 


LIST OF PUBLICATIONS. 2 


2. <A SECOND SERIES OF 
SERMONS, Edited by J. A. 
JEREMIE, D.D. Third Edition. 
Svo. 10s, 6d. 


HISTORY OF. ANCIENT 
PHILOSOPHY. Edited by 
WM. Н. THOMPSON, М.А. 
2 vols. буо. 14. 55. 

4. LETTERS ON ROMANISM, 
in REPLY to MR, NEWMAN’S 
ESSAY on DEVELOPMENT. 
Editel by the Very Rev. 'T. 
WOODWARD. Second Edition, 
revised by Archdeacon HARD- 
WICK. дуо. Ios. 6d. 

BUTLER (MONTAGU).— 

SERMONS PREACHED in 

the CHAPEL of HARROW 

SCHOOL. By H. MONTAGU 

BUTLER, Head Master. Crown 

Svo. 75. 6d. 


ЮЛ PEAUIVINIEI AY, 
PRAYERS. By the Rev. GEO. 


= 


BUTLER. Cr. Svo. 5 
BUTLER. — SERMONS 
PREACHED in CHELTEN- 


HAM COLLEGE. CHAPEL. 
By the Rev. GEO. BUTLER. 
Crown буо. 75. 64. 
CAIRNES.—THE SLAVE 
POWER; its Character, Career, 
and Probable Designs. Being an 
Attempt to Explain the Real 
Issues Involved in the American 


Contest. By T. E. CAIRNES, 
M.A. Second Ён. буо. 


хоз. 6d. 


CALDERWOOD.—PHILO- 
SOPHY of the INFINITE. A 
Treatise on Man’s Knowledge of 
the Infinite Being, in answer to 
Sir W. Hamilton and Dr. Mansel. 
By the Rev. HENRY CALDER- 
WOOD, М.А. Second Edition. 
Svo. 145. 


CAMBRIDGE SENATE- 
HOUSE PROBLEMS аһа 


RIDERS, with SOLUTIONS:— 

1848—1851.—By FERRERS and 
JACKSON. 155, 64 

1848— 1851, — By JAMESON. 
75. 6d. 

1854.—By WALTON and MAC- 
KENZIE, M. A. tos. 64. 

1857. —By CAMPION and WAL- 
TON. 8s. 64. 

1860.—By WATSON and ROUTH. 
75. 6d. 

1864.—By WALTON and WIL- 
KINSON. буо. ros. 6d. 


CAMBRIDGE LENT SER- 
MONS.—SERMONS Preached 
during LENT, 1864, in Great 
St. Mary's Church, Cambridge. 
By the LORD BISHOP OF 
OXFORD, Rev. H. P. LIDDON, 
A ED CES GOIN Е TS. 
WOODFORD, DR. GOUL- 
BURN, J. W. BURGON, T. T. 
CARTER, DR. PUSEY, DEAN 
HOOK, W.J. BUTLER, DEAN 
GOODWIN. Crown буо. 7s. 6d. 


CAMBRIDGE COURSE of 
ELEMENTARY NATURAL 
PHILOSOPHY, for the Degree 
of B.A. Originally compiled by 
J. С. SNOWBALL, M.A. Late 
Fellow of St. John’s College. 
Jafih Edition, revised and en- 
larged, and adapted for the Middle 
Class Examinations by THOMAS 
LUND, B.D. Crown 8vo. Ss. 


CAMBRIDGE. — CAM- 
BRIDGE SCRAP BOOK : con- 
taining in a Pictorial Form a 
Report on the Manners, Customs, 
Humours, and Pastimes of the 


University of Cambridge. With 
nearly 300 Illustrations. Second 


Crown 4to. ўз. Od, 
A2 


Edition, 


4 MACMILLAN AND COS 


CAMBRIDGE. — CAM- 
BRIDGE and DUBLIN MA- 


THEMATICAL JOURNAL. 
The Complete Work, in Nine Vols. 
8vo. cloth, 74 4s, Only a few 
copies remain on hand. 


CAMPBELL.-THOUGHTS 
on REVELATION, with SPE- 
CIAL REFERENCE to the 
PRESENT TIME. By JOHN 
M‘LEOD CAMPBELL. Crown 
Svo. Ss. 


CAMPBELL. — THE NA- 
TURE of the ATONEMENT 
and its RELATION to REMIS- 
SION of SINS and ETERNAL 
LIFE. By JOHN M‘LEOD 
CAMPBELL. 8vo. тоз. 6% 

CATHERINES, The TWO ; 
or, Which is the Heroine? A 
Novel. 2 vols. crown 8vo. 215. 

CHALLIS. — CREATION 
in PLAN and in PROGRESS: 
Being an Essay on the First 
Chapter of Genesis. By the Rev. 
JAMES CITALLIS, M. A. F.R.S. 
F.R.A.S. Crown óra 35. 6d. 


CHATTERTON. — LEO- 
NORE: a Tale, and other Poems. 
By GEORGIANA LADY 


CHATTERTON. Есар. 8уо, 
cloth, zs. 6d. 

CHEYNE. UEM 
'TARY TREATISE on the 


PLANETARY THEORY. With 
a Collection of Problems, By C. 
Н. Й. CHEYNE, B.A. Crown 
буо. 6s. ба. 

CHILDE.--The SINGULAR 
PROPERTIES of the ELLIP- 
SOIDand ASSOCIATED SUR- 
FACES of the Nth DEGREE, 
By the Rev. G. F. CHILDE, 
М.А. буо, Ios, 64. 


CHRETIEN.—' THE LET- 
TER AND THE SPIRIT. Six 
Sermons on the Inspiration of 
Holy Scripture. By CHARLES 
P. CHRETIEN. Crown буо. 57. 


CHRISTIE.— NOTES ON 
BRAZILIAN | QUESTIONS. 
By W. D. CHRISTIE, Crown 
8vo. cloth, 6s, ба. 


CICERO.—THE SECOND 
PHILIPPIC ORATION. With 
an Íntroduction and Notes, trans- 
lated from Karl Halm, Edited 
with corrections and additions. 
By JOHN E. B. MAYOR, М.А. 
Fcap. буо. 55. 


CLARA VAUGHAN. — A 


Novel. 3 vols. crown 8vo. 315. 6d. 


CLARK.—FOUR SER- 
MONS PREACHED IN THE 
CHAPEL OF TRINITY COL- 
LEGE, CAMBRIDGE. Dy W. 
С. CLARK, M.A. сар. Svo. 


25. 6d. 
CLAV.—THE PRISON 
CHAPLAIN, A Memoir of the 


Rev, JOHN CLAY, B.D, late 
Chaplain of the Preston Gaol, 
With Selections from his Reports 
and Correspondence, and a Sketch 
of Prison-Discipline in England, 
Byhis son, the Rev. W. L. cLay, 
М.А. Svo. 1з. 


CLAY.—THE POWER ОЕ 
THE KEYS, Sermons preached 
in Coventry, Ву the Rev. W, L. 
CLAY, М.А. Fcap. буо. 35. 6d. 


CLERGYMAN’S SELF- 
EXAMINATION concerning the 
APOSTLES’ CREED. Extra 
fcap. буо. їз. Od. | 


LIST OF PUBLICATIONS. 5 


CLOUGH.—The POEMS of 
ARTHUR HUGH CLOUGH, 
sometime Fellow of Orie] College, 
Oxford. With a Memoir by F. 
T. PALGRAVE. Second Edi- 
tion. Fcap. буо. 6s. 

COLENSO.—WORKS bythe 
Right Rev. J. W. COLENSO, 
D.D. Bishop of Natal :— 

THE COLONY OF NATAL. A 
Journal of Visitation, With a 


Map and Illustrations, Fcap. 
Svo. 5s. 
VILLAGE SERMONS, Second 
Edition. Fcap. Svo. 2s. 6d. 
FOUR SERMONS on ORDI- 


NATION, and on MISSIONS. 
1S8mo. rs. 

COMPANION TO THE HOLY 
COMMUNION, containing the 
Service, and Select Readings from 
the writings of Mr. MAURICE. 
Fine “dition, morocco, antique 
style, 6s. or in cloth, 2s. 64. 
Common Paper, Ys. 

КОШКА SUUEISIBIEET QOUDELE 
ROMANS. Newly Translated 
and Explained, from a Missionary 
point of View. Crown Svo. 7s. 6d. 

LETTER TO HIS GRACE THE 
ARCHBISHOP OF CANTER- 
BURY, upon the Question of 
Polygamy, as found already exist- 
ing in Converts from IIeathenism. 
Second Edition. Crown буо. 
Is, 6d. 

COOKERY FOR ENG- 
LISH HOUSEHOLDS. By a 
FRENCH LADY. Extra fcap. 
буо. 55. 

COOPER.—ATHENAE 
CANTARBRIGIENSES. By 
CHARLES HENRY COOPER, 
F. S-A. and THOMPSON 
COOPER, F.S.A. Vol. Т. 570. 
1500—85, 18s. Vol. II. 1586— 
1609, 1$». 


COTTON.—SERMONS and 
ADDRESSES delivered in Marl- 
borough College during Six Years, 
by GEORGE EDWARD 
LYNCH COTTON, D.D. Lord 
Bishop of Calcutta, Crown буо, 
тоз. бй. 


COTTON.—A CHARGE to 
the CLERGY of the DIOCESE 
апі PROVINCEof CALCUTTA 
at the Second Diocesan and First 
Metropolitan Visitation. By 
GEORGE EDWARD LYNCH 
COTTON, D.D. 8vo. 3s. 6d. 


COTTON.—SERMONS, 


chiefly connected with Public 
Events of 1854. Fcap. буо. 3s. 


COTTON.— EXPOSITORY 
SERMONS on the EPISTLES 
for the Sundays of the Christian 
Year. By GEORGE EDWARD 
LYNCH COTTON, D.D. Two 
Vols. crown Svo. 155. 


CRAIK.—MY FIRST 
JOURNAL. A book for the 
Young. By GEORGIANA M. 
CRAIK, Author of *' River- 
ston,” **Lost and Won,” &c. 
Royal 16mo. cloth, gilt leaves, 
35. 6d. 


CROCKER.—A NEW PRO- 
POSALfora GEOGRAPHICAL 
SYSTEM of MEASURES and 
WEIGHTS conveniently Intro- 
ducible, generally by retaining 
familiar notions by familiar names, 
To which are added remarks on 


systems of Coinage. By JAMES 
CROCKER, М.А, Зуо, 8s. ба. 
CROSSE.—AN ANALYSIS 


OF PALEY'S EVIDENCES. 
By С. Н. CROSSE, MA. 
24mo. 25, б. 


6 MACMILLAN AND CO.'S 


DANTE. — DANTE'S 
COMEDY, Zhe ZH. Trans- 
lated by W. M. ROSETTI. 
Fcap. 8vo. cloth, 5s. 


DAVIES.—ST. PAUL AND 
MODERN THOUGHT: Re- 
marks on some of the Views 
advanced in Professor Jowett’s 
Commentary on St. Paul. By 
Rev. J. Lu. DAVIES) M.A. 
Svo. 2s. 6d. 


DAVIES.—SERMONS ON 
THE MANIFESTATION OF 
THE SON OF GOD. With a 
Preface addressed to Laymen on 
the present position of the Clergy 
of the Church of England; and 
an Appendix on the Testimony 
of Scripture and the Church as to 
the possibility of Pardon in the 
Future State. By the Rev. J. 
Іл. DAVIES, М.А. Fcap. 8vo. 
6s. 6d. 


DAVIES.—THEWORK OF 
CHRIST OR TAL WORED: 
RECONCILED TO GOD. 
With a Preface on the Atone- 
ment Controversy. By the Rev. 
j. Lt. DAVIES, M.A. сар. 
Svo. бу. 


DAVIES—BAPTISM, 
CONFIRMATION, AND THE 
LORD'S SUPPER, as inter- 
preted by their outward signs. 
Three Expository Addresses for 
Parochial Use. By the Rev. J. 
aig. М.А, Limp cloth, 
Is. 6d. 


DAYS OF OLD: STORIES 
FROM OLD ENGLISII HIS- 
TORY. Ву the Author of ** Ruth 
and her Friends.” New Edition. 
18mo. cloth, gilt leaves, 3s. 6d. 


DEMOSTHENES DE CO- 
RONA. The Greek Text with 
English Notes. By D. DRAKE, 
М.А. Second Edition, to which 
is prefixed AESCHINES AGAINST 
CrESIPHON, with English Notes. 
Fcap. буо. 55. 

DE TEISSIER.—VILLAGE 
SERMONS, ру б. F. DE 
TEISSIER, B.D. Crown 8vo. 9s. 

SECOND SERIFS. Crown 8vo. 
cloth. 8s. 6d. 


DE VERE.—THE INFANT 
BRIDAL, AND OTHER 
POEMS. By AUBREY DE 
VERE. Fcap. 8vo. 7s. 60. 


DICEY. — SIX MONTHS 
IN THE FEDERAL STATES, 
By EDWARD DICEY, 2 Vols, 
crown буо. 127. 


DICEY.—ROME IN 1860. 
ByEDWARD DICEY. Crown 
Svo. 6s. Od. 


DONALDSON.—A CRITI- 
CAL HISTORY OF CHRIS- 
TIAN LITERATURE AND 
DOCTRINE, from the Death of 
the Apostles to the Nicene Coun- 
cil. ByJAMES DONALDSON, 
M.A. Vol. L—THE APOS- 
'TOLIC FATHERS. 8vo. 
cloth. ros. 6d. 

Vols. II. and III. in the Press. 


DREW. — A GEOMETRI- 
CAL TREATISE ON CONIC 
SECTIONS. ByW.H. DREW, 
M.A. Third Edition, Crown 8vo. 
45. Od. 


DREW.—SOLUTIONS TO 
PROBLEMS CONTAINED IN 
MR. DREW’S TREATISE ON 
CONIC SECTIONS. Crown 
Svo. 45. 6d. 


LIST OF PUBLICATIONS. 9i 


EARLY EGYPTIAN HIS- 
TORY FOR THE YOUNG. 
With Descriptions of the Tombs 
and Monuments, Mew Edition, 
with Frontispiece. Fcap. 8vo. 55. 

ENGLISH .IDYLLS. By 
JANE ELLICE. Fcap. Svo. 
cloth. 6s. 

FAWCETT.—MANUATL of 
POLITICAL ECONOMY, By 
HENRY FAWCETT, M.A. 
Second Edition. Crown 8yo, 125. 

FERRERS.—A TREATISE 
ON TRILINEAR CO-ORDI- 
NATES, the Method of Reci- 
procal Polars, and the Theory of 
Projections. By the Rev. N. M. 
FERRERS, M.A. Crown буо. 
Os. 6d. 


FISHER. — CONSIDERA- 
TIONS ON THE ORIGIN 
OF THE AMERICAN WAR. 
By HERBERT FISHER. Fep. 
8vo. 25. Od. 


FLETCHER.— THOUGHTS 
FROM A GIRLS LIFE. Ву 


LUCY. FLETCHER. Heap. 
Svo. 4s. Od. 
FORBES—LIFE OF 


EDWARD FORBES, F.R.S. 
Зу GEORGE WILSON, M.D. 
F.R.S.E. and ARCHIBALD 
GEIKIE, F.G.S. Svo, with Por- 
trait, 145, 


FORSHALL.—THE FIRST 
TWELVE CHAPTERS OF 
ТИЕ GOSPEL ACCORDING 
TO ST. MATTEHIEW, in the 
Received Greek Text, with various 
Readings, and Notes Critical and. 
Expository. By the late Rev, 
JOSIAH  FORSHALL, М.А. 
FARIS. 105. 6d. 


FREEMAN.—HISTORY of 
FEDERAL GOVERNMENT, 
from the Foundation of the Achaian 
League to the Disruption of the 
United States. By EDWARD 
A. FREEMAN, M.A. Vol. I. 
General Introduction, — History 
of the Greek Federations. буо. 
215. 


FROST.—THE FIRST 
THREE SECTIONS of NEW- 
TON'S PRUNCIPIA. ^ With 
Notes and Problems in illustra- 
tion of the subject. By PER- 
CIVAL FROST, М.А. Second 
Гайот. Svo. тоғ, 6d. 


FROST AND WOLSTEN- 
IIOLME.—A TREATISE ON 
SOLID GEOMETRY, By the 
Rev. PERCIVALFROST, M. A. 
and the Rev. J. WOLSTEN- 
HOLME, М.А. буо. 18у. 


FURNIVALL.-LE MORTE 
ARTHUR, Edited from the Har- 
leian M.S. 2252, in the British 
Museum. By F. J. FURNI- 
VALL, M.A. With Essay by 
the late HERBERT COLE- 
RIDGE. fF cap. Svo. cloth, 7s. 
64. 


GALTON.—METEORO- 
GRAPHICA, or Methods of 
Mapping the Weather. lllustrated 
by upwards of 600 Printed Litho- 
graphed Diagrams. By FRAN- 
CIS GALTON, F.R.S. 4to. 95. 


GARIBALDI at CAPRERA. 
By COLONEL VECCH], With 
Preface by Mrs, GASKILL. Fcap. 
Svo. Is, Od. 


8 MACMILLAN AND CO.'S 


GEIKIE—STORY OF A 
BOULDER; or, Gleanings by 
a Field Geologist. By ARCHI- 
BALD СЕКТЕ, Illustrated with 
Woodcuts. Crown $vo. 55. 


GEIKIES SCENERY OF 
SCOTLAND, with Illustrations 
and a new Geological Map. Cr. 
Svo, cloth, тоз. 64. 


GIFFORD.—THE GLORY 
OF GOD IN MAN. By E.H. 
GIFFORD, D.D. Есар. Svo. 
cloth. 35. 6d, 


GOLDEN TREASURY 
SERIES. Uniformly printed in 
I9mo. with Vignette Titles by 
J. NOEL PATON, T. WooLner, 
W. HOLMAN Hunt, J. E. MIL- 
LAIS, &c. Bound in extra cloth, 
4s. 60, ; morocco plain, 75. 6d. ; 


morocco extra, IOs. 6d, each 
Volume.. 
THE GOLDEN TREASURY 


OF THE BEST SONGS AND 
LYRICAL POEMS IN THE 
ENGLISH LANGUAGE. Se- 
lected and arranged, with Notes, 
by FRANCIS TURNER PAL- 
GRAVE. 

THE CHILDREN’S GARLAND 
FROM THE BEST POETS. 
Selected and arranged by CO- 
VENTRY PATMORE. 

THE BOOK OF PRAISE. From 
the best English Hymn Writers, 
Selected and arranged by ROUN- 
DELL PALMER. A New and 
Enlarged Edition. 

THE FAIRY BOOK : The Best 
Popular Fairy Stories. Selected 
and Rendered Anew by the 
Author of “ John Halifax.” 

THE BALLAD BOOK, A 
Selection of the Choicest British 
Ballads, Edited by WILLIAM 
ALLINGHAM, 


IME ВЕБ BOOL lhe 
Choicest Anecdotes and Sayings. 


Selected and arranged by MARK 
LEMON. 


BACON'S ESSAYS AND 
COLOURS OF GOOD AND 
EVIL. With Notesand Glossarial 
Index, by W. ALDIS WRIGHT, 
M.A. Large paper copies, crown 
Svo. 7s. 64.; or bound in half 
morocco, IOS, 6d. 


The PILGRIM’S PROGRESS 
from this World to that which is 
to Come. By JOHN BUNYAN. 


*.* Large paper Copies, crown Svo. 
cloth, 7s, 64.; or bound in half 
morocco, тоз. 6d, 


THE SUNDAY BOOK OF 
POETRY FOR THE YOUNG, 
Selected and arranged by С, F. 
ALEXANDER. 


A BOOK OF GOLDEN DEEDS 
OF ALL LIMES AND ALL 
COUNTRIES. Gathered and 
Narrated anew by the Author 
of “ The Heir of Redelyffe.” 


THE POETICAL WORKS OF 
ROBERT BURNS. Edited, 
with Biographical Memoir, by 
ALEXANDER SMITH. 2 vols. 


GORDON. —LETTERS 
from EGYPT, 1863—5. By 
LADY DUFF GORDON, Cr. 
8vo. cloth, 85, бо. 


GORST.—THE MAORI 
KING; or, the Story of our 
Quarrel with the Natives of New 
Zealand. By J. E. GORST, M.A. 
Witha Portraitof William Thomp- 
son, and a Map of the Seat of 
War. Crown буо. IOs, б, 


LIST OF PUBLICA TIONS. 9 


GROVES.—A | COMMEN- 
TARY ON THE BOOK OF 
GENESIS. For the Use of Stu- 
dents and Readers of the English 
Version of the Bible. By the 
Rey, FH. C. GROVES, M.A. 
Crown 8vo. 9s. 


GUIDE TO THE UNPRO- 
TECTED in Every Day Mat- 
ters relating to Property and 
Inéome. By а BANKER’S 
DAUGHTER. Second Edition. 
Extra fcap. 8vo. 3s. ба. 


HAMERTON.—A PAINT- 
ERS CAMP IN THE HIGH- 
LANDS; and Thoughts about 
Art. By Р. G. HAMERTON. 
2 vols. crown 8vo. 215. 


HAMILTON. — THE RE- 
SOURCES OF A NATION. 
A Series of Essays. By ROW- 
LAND HAMILTON.  8vo. 
10s. 6d. 


HAMILTON.—On TRUTH 

-and ERROR: Thoughts on Ше 
Principles of ‘Truth, and the 
Causes and Effects of Error, By 
JOHN HAMILTON, Crown 
буо. 55. 


HARDWICK.—CHRIST 
ANDOTHER MASTERS. A 
Historical Inquiry into some of 
the Chicf Parallelisins and Con- 
trasts between Christianity and the 
Religious Systems of the Ancient 
World. By the Ven. ARCHI- 
DEACON HARDWICK. New 
Edition, revised, and а Prefatory 
Memoir by the Rev. FRANCIS 
PROCTER, Two vols. crown 
Svo. 155. 


HARDWICK.—4A EHIS- 
TORY OF THE CHRISTIAN 
CHURCH, during the Middle 
Ages and the Reformation. (A.D. 
590—1600.) ByARCH DEACON 
HARDWICK. Two vols. crown 
$vo. 215. 

Vol. I. Second Edition. Edited 
by FRANCIS PROCTER, M.A. 
History from Gregory the Great to 
the Itxcommunication of Luther. 
With Maps. 

Vol, IJ. History of the Refor- 
mation of the Church. 

Each volume may be had sepa- 
rately. Price тоз. 64. 


HARDWICK. TWENTY 
SERMONS FOR TOWN CON- 
GREGATIONS. Crown буо. 
6s. 6d. 


HARE—WORKS BY 
JULIUS CHARLES HARK, 
M.A. Sometime Archdeacon of 
Lewes, and Chaplain in Ordi- 
nary to the Queen. 

CHARGES DELIVERED 
during the Years 1840 to 1854. 
With Notes on the Principal 
Events affecting the Church 
during that period. With an 
Introduction, explanatory of his 
position in the Church with re- 
ference to the parties which divide 
it. 3 vols. буо. IA 11s, 6g. 

MISCELLANEOUS PAM- 
PHLETS on some of the Leading 
Questions agitated in the Church. 
during the Years 1845—51. Svo. 
125, 

THE VICTORY OF FAITE. 
New Edition, in the press, with 
Life by Plumptre. 

THE MISSION OF THE COM- 
FORTER. Third Edition, With 
Notes, 125, 


10 _ MACMILLAN AND COS 


VINDICATION OF LUTHER. 
Second Ldilion. 8хо. 75. 


PARISH SERMONS. 
Series, Svo. cloth, 125. 


SERMONS PREACHED ON 
PARTICULAR OCCASIONS. 
Svo. cloth, 125. 


PORTIONS OF THE PSALMS 


Second 


IN ENGLISH VERSE, Selec- 
ted for Public Worship. 18mo. 


cloth, 25. 64. 


* The two following Books are 
included in the Three Volumes 
of Charges, but may be had sepa- 
rately. 


THE CONTEST WITH ROME. 
Second Edition. | Svo, cl. 10s. 6:2. 


CHARGES DELIVERED in the 
, Years 1843, 1845, 1846. With 
an Introduction. 6s. 6d. 


HEARN = РЕТ ООСУ 
or, the Theory of the Efforts to 
Satisfy IIuman Wants. Бу W. 
E. HEARN, LL.D. буо. 145. 


HEBERT.—CLERICAL 
SUBSCRIPTION, an Inquiry 
into the Real Position of the 
Church and the Clergy in reference 
to— I. The Articles; II. The 
Liturgy; ПІ. The Canons and 
Statutes. By the Rev. CHARLES 
EBERT, M.A. F.R.S.L. Cr. 
Svo. 75. 6d. 


HEMMING.—AN ELE- 
MENTARY TREATISE ON 
THE DIFFERENTIAL AND 
INTEGRAL CALCULUS. By 
G. W. HEMMING, M.A. Second 
Edition. Svo. 9s. 


HERVEV.—THE GENEA- 
LOGIES OF OUR LORD AND 
SAVIOUR JESUS CHRIST, 
as contained in tbe Gospels of 
St. Matthew and St. Luke, recon- 
ciled with each other, and shown 
to be in harmony with the true 
Chronology of the ‘Times. By 
Lord ARTHUR HERVEY, 
М.А. буо. тоз. 6d. 

HERVEY.—THE AAR- 
BERGS. By ROSAMOND 
HERVEY. 2 vols. crown Svo. 
cloth, 215. 

HISTORICUS.—LETTERS 
ON SOME QUESTIONS OF 
INTERNATIONAL LAW. Re- 
printed from the Zines, with con- 


siderable Additions. Svo. 7s. 6d. 
Also ADDITIONAL LET- 
TERS. Svo. 25. 6d. 


HODGSON.—MYTH O- 
LOGY FOR LATIN VERSI- 
FICATION : a Brief Sketch of 
the Fables of the Ancients, pre- 
pared to be rendered into Latin 
Verse for Schools. By F. HODG- 
SON, B.D. Iate Provost of Eton. 
New Edition, revised by К. С. 
HODGSON, М.А. 18mo. 35. 

HORNER.—The TUSCAN 
POET GIUSEPPE GIUSTI 
AND HIS TIMES. By SUSAN 
HORNER. Crown буо. 75. 6d. 

HOWARD.—THE PENTA- 
TEUCH ; or, the Five Books of 
Moses. ‘Translated into English 
from the Version of the LXX. 
With Notes on its Omissions and 
Insertions, and also on the Pas- 
sages in which it differs from the 
Authorized Version. By the Hon. 
HENRY HOWARD, DD: 
Crown буо. GENESIS, I vol. 
Ss. 6d, ; EXODUS AND LEVITICUS, 
1 vol. tos. 6¢.; NUMBERS AND 
DEUTERONOMY, I vol, 10s. 64. 


LIST OF PUBLICATIONS. II 


HUM sie Y = RUE 
HUMAN SKELETON (includ- 
ing the JOINTS). By GEORGE 
MURRAY HUMPIIRY, M.D. 
F.R.S. With Two Hundred and 
Sixty "Illustrations drawn from 
Nature. Medium Svo. IZ 8s. 


HUMPIIRY.—THE 
HUMAN HAND AND THE 
HUMAN FOOT. With Nume- 
rous Illustrations. cp. 8vo. 4s. 6d. 


HYDE.— HOW TO WIN 
OUR WORKERS. An Account 
of the Leeds Sewing School. By 
Mrs. HY DE. Fcap. Svo. IS. Od. 


HYMNE ECCELEESIÆ.— 
Fcap. 8vo. cloth, 7s. 64. 


JAM ESON.—LIIEE'S 
WORK, IN PREPARATION 
ANDIN RETROSPECT. Ser- 
mons Preached before the Univer- 
sity of Cambridge. By the Rev, 
Е. J. JAMESON, M.A. Тсар. 
Svo. rs. ба. 


JAMESON.—BROTHERLY 
COUNSELS TO STUDENTS. 
Sermons preached in the Chapel 
of St. Catharine's College, Cam- 
bridge. By F. J. JAMESON, 
M.A. Fcap. 8vo. Is. 6g. 


JANET'S HOME.—A Novel. 
New Edition. Crown Svo. 6s. 


JEVONS—THE COAL 
QUESTION. ByW.STANLEY 
JEVONS, M.A. Fellow of Uni- 
versity College, London. $vo. 
los, O 


JONES.—THE CHURCH 
of ENGLAND and COMMON 
SENSE. By HARRY JONES, 
М.А. Fcap. дуо. cloth, 35. 64. 


JUVENAL.—JUVENAL,for 
Schools. With English Notes. 
By]. E. В. MAY OR; M,A. Mew 
and Cheaper dition, Crown Svo, 
Reprinting. 


KEARYS THE LITTLE 
WANDERLING, апа other 
Fairy Tales. 18mo cloth, 3s. 6, 


KINGSLEY.—WORKS BY 
THEREV. CHARLES KINGS: 
LEY, M.A. Rector of Eversley, 
and Professor of Modern History 
in the University of Cambridge :— 


THE ROMAN and the TEUTON. 
A Series of Lectures delivered 
before the University of Cam- 


bridge. Svo. 12s. 
TWO YEARS AGO. Third 
Edition, Crown 8уо. 6s. 
“WESTWARD IIO!" fourth 


аон. 

ALTON LOCKE. New Edition. 
witha New Preface. Crown 8vo. 
4s. Gd. 

HYPATIA; fourth Edition. Cm. 
Svo. 6s. 

YEAST. Fourth Edition. 
Svo. 55. 

MISCELLANTES. Second Edition. 
2 vols. crown 8vo. 125. 

THESAINT’S TRAGEDY, ZZird 
Edition. Fcap. 8vo. 55. 

ANDROMEDA, and other Poems, 
Third Edition, Fcap. буо. 55. 


THE WATER BABIES, a Fairy 
Tale for a Land Baby. With 
Two Illustrations by J. NOEL 
Paton, R.S.A. Mew Edition, 
Crown Svo. 6s. 


Crown буо. бу. 


Fcap. 


12 MACMILLAN AND СО?5 


GLAUCUS: or, the Wonders of 
the Shore. New and /Hustrated 
Ædition, containing beautifully 
Coloured Illustrations, 5s. 

THE HEROES; or, Greek Fairy 
Tales for my Children. With 
Eight Illustrations, Mew Edition. 
18mo. 35. 6d. 


VILLAGE SERMONS. Sixth 
Edition. Fcap. буо. 2s. 6d. 


THE GOSPEL OF THE PEN- 
TATEUCHL Second Edition. 
Fcap. буо. 45. 6d. 


GOOD NEWS OF GOD. Third 
Lidition, Fcap. буо. 6s. 


SERMONS FOR THE TIMES. 
Third Edition, Y cap. Svo. 3s. 6d. 


TOWN AND COUNTRY SER- 
MONS. Fcap. буо. бу. 


SERMONS ON NATIONAL 
SUBJECTS. First Series. Second 
dition, Ycap. буо. ss. 


SERMONS ON NATIONAL 
SUBJECTS. Second Series. 
Second Edition. Fcap. 8vo. ss. 


ALEXANDRIA AND HER 
SCHOOLS. With a Preface. 
Crown буо. 5s. 


TME LIMITS OF EXACT 
SCIENCE AS APPLIED TO 
HISTORY. An Inaugural Lec- 
ture delivered before the Univer- 
sity of Cambridge, Crown буо, 
2 

PHAETHON ; or Loose Thoughts 
for Loose Thinkers. ZAzrd Edition. 
Crown буо, 25, 

DAVID.—Four Sermons—David’s 
Weakness—David’s Strength— 
David's Anger—David's Deserts. 
Fcap. буо. cloth, 25. 64. 


KINGSLEY. — AUSTIN 
ELLIOT. ByHENRY KINGS- 
LEY, Author of ‘‘ Ravenshoe,” 
&с. Third Edition, 2 vols. crown 
буо. 215. 


KINGSLEY. — THE RE- 
COLLECTIONS OF GEOF- 

*FREYHAMLYN, By HENRY 
KINGSLEY. Second Edition, 
Crown 8vo. 6s. 


KINGSLEY.—THE HILL- 
YARS AND THE BUR- 
TONS: a Story of Two Families, 
By HENRY KINGSLEY. 3 
vols. crown 8vo. cloth, IZ. 115. 64. 


KINGSLEY.—RAVENSHOE. 
By HENRY KINGSLEY. New 
Edition, Crown буо. 6s. 


KINGTON.—HISTORY of 
FREDERICK the SECOND, 
Emperor of the Romans. By 
T. L. KINGTON, М.А, 2 vols. 
demy 8vo. 32s. 


KIRCHHOFF. — RE- 
SEARCHES on the SOLAR 
SPECTRUM and the SPEC- 
TRA of the CHEMICAL ELE- 
MENTS. By G. KIRCHHOFF, 
of Heidelberg. ‘Translated by 
HENRY. E, ROSCOE, B.A. 
4to. 5s. Also the Second Part. 
4to. 5s. with 2 Plates. 


LANCASTER —ECLOGUES 
AND MONO-DRAMAS; or, a 
Collection of Verses. By WIL- 
LIAM LANCASTER. Extra 
Ícap. 8vo. 4s. 6d. 


LANCASTER. — PRZETE- 
RITA: Poems. By WILLIAM 
LANCASTER. Extra fcap. дуо, 
45. 6d. 


LIST OF PUBLICA TIONS. 13 


LATHAM. — THE CON- 
STRUCTION of WROUGIIT- 
IRON BRIDGES, embracing the 
Practical Application of the Prin- 
ciples of Mechanics to Wrought- 
Tron Girder Work. By J. Н. 
LATIIAM, Esq. Civil Engineer. 
Svo. With numerous detail Plates. 
Second Edition, | Preparing. 

LECTURES TO LADIES 
ON PRACTICAL SUBJECTS. 
Third Edition, revised. Crown 
буо. 75. 6d. 

LEMON. — LEGENDS OF 
NUMBER NIP. By MARK 
LEMON. With Six Ilustra- 
tions by CHARLES KEENE, Extra 
fcap. 55. 

LESLEY’S GUARDIANS: 
A Novel. By CECIL HOME. 
3 vols. crown 8yo. 31s. 64. 


ПОСЕ СОО ES SEE 
PAULS ЕЛБЕ TO. THE 
GALATIANS. А Revised Text, 
with Notes апа Dissertations. 
By J. D. LIGIITFOOT, D.D. 
Svo. cloth, ros. 6d. 

LOWELL. — FIRESIDE 
TRAVELS. By JAMES RUS- 
SELL LOWELL, Author of 
“The Biglow Papers." icap. 
Svo. 4s. 6d. 

LUDLOW and HUGHES.— 
A SKETCII of the HISTORY 
of the UNITED STATES from 
Independence to Secession. Ву 

M. LUDLONW, Author of 

** Dritish India, its Races and its 
Tlistory," “The Policy of the 
Crown towards India," &c. 

To which is added, THE 
STRUGGLE FOR KANSAS. 
By THOMAS HUGHES, Author 
of “Тот Brown's School Days,” 
“Тот Brown at Oxford," &c. 
Crown буо. 8s. б, 


MACLEAR. — THE 


LUDLOW.—BRITISH 


INDIA; its Races, and its His- 
tory, down to 1857. By JOHN 
MALCOLM LUDLOW, Bar- 
rister-at-Law. 2 vols. 9s. 


LUSHINGTON—THE 


ITALIAN WAR 1848-9, and 
the Last Italian Poet. By the 
late HENRY LUSHINGTON, 
With a Biographical Preface by 
С. S. VENABLES. Crown Svo. 
6s. 6d. 


LYTTELTON—THE 


COMUS OF MILTON rendered 
into Greek Verse. By LORD 
LYTTELTON. Royal (сар. 8уо. 
5s. 


MACKENZIE—THE 


CIIRISTIAN CLIERGY of the 
FIRST TEN CENTURIES, 

' and their Influence on. European 
Civilization. By HENRY MAC- 
KENZIE, B.A. Scholar of Trinity 
College, Cambridge. Crown буо. 
бз. 6d. 


MACLAREN.— SERMONS 


PREACHED AT MANCHES- 
TER. By ALEXANDER MAC- 
LAREN. Second Edition. Fep. 
Svo. 4s. 6d. 


MACLEAR.—A HISTORY 


OF CHRISTIAN MISSIONS 
DURING THE MIDDLE 
AGES. By G. F. MACLEAR, 
M.A. Crown буо. 10s, Ód. 


WIT- 
NESS OF THE EUCHARIST; 
or, The Institution and Early 
Celebration of the Lord's Supper, 
considered as an Evidence of the 
Historical Truth of the Gospel 
Narrative and of the Atonement. 
Crown буо. 45. Ód. 


34 MACMILLAN AND COS 


MACLEAR, — A CLASS- 
BOOK OF OLD TESTA- 
MENT HISTORY. By the 
Rev. G. F. MACLEAR, M.A. 
With Four Maps. 18mo, cloth, 


д>, Od. 

MACLEAR. — A CLASS- 
BOOK OF NEW TESTA- 
MENT HISTORY, including 


the connexion of the Old and 
New Testament. 
[22 the press. 


MACMILLAN. —FOOT- 
NOTES FROM THE PAGE 
OF NATURE. By the Rev. 
HUGH MACMILLAN, 
F.R.S.E. With numerous Illus- 
trations. Fcap. Svo. 55. 


MACMILLAN'S MAGA- 
ZINE. Published Monthly, price 
One Shilling. Volumes I.——XI. 
are now ready, 7s. 62. cach. 


McCOSH.—The METHOD 
of the DIVINE GOVERN- 
MENT, Physical and Moral. 
By JAMES McCOSH, LL.D. 
Eighth Edition, Svo. 10s. Od. 


McCOSH.—THE SUPER- 
NATURAL IN RELATION 
TO THE NATURAL. By 
JAMES McCOSH, LL.D. 
Crown буо. 7s. 64. 


McCOSH. —THE INTUI- 
TIONS OF THE MIND. By 
JAMES McCOSH, LL.D. A 
New Ldition. Svo. cloth, tos. 6d. 


McCOY.—C ON TRIBU- 
TIONS TO BRITISH PALA- 
ONTOLOGY;; or, First Descrip- 
tions of several hundred Fossil 
Radiata, Articulata, Mollusca, and 
Pisces, from the Tertiary, Creta- 
ceous, Oolitic, and Palseozoic 
Strata of Great Britain. With 
numerous Woodcuts. By FRED. 
McCOY, FCS. Professor of 
Natural History in the University 
of Melbourne. Svo. 9s. 


MANSFIELD. — PARA- 
GUAY, BRAZIL, AND THE 
PLATE. Witha Map, and nume- 
rous Woodcuts. By CHARLES 
MANSFIELD, М.А. With a 
Sketch of his Life. By the 
Rev. CHARLES KINGSLEY. 
Crown 8vo. 125. б. 


MARRIED BENEATH 
НІМ. By the Author of ““ Lost 
Sir Massingberd.” 3 vols. crown 
Svo. cloth, 14, 115. 64. 


MARRINER. —SERMONS 
PREACHED at LYME REGIS. 
By E. T. MARRINER, Curate. 
Feap. 8vo. 4з. 6d. 


MARSTON.—A LADY IN 
HER OWN RIGHT. By WEST- 
LAND MARSTON, Crown буо. 
бу. 

MARTIN.—THE STATES- 
MAN’S YEAR BOOK for 1865. 
A Statistical, Genealogical, and 
Historical Account of the Civilized 
World for the Year 1865. By 
FREDERICK MARTIN. Cr. 
Svo. 105, Od. 


MARTIN. — STORIES OF 
SANKS AND BANKERS. By 
FREDERICK MARTIN. Fcp. 
Svo. cloth, 3s. 64. 


LIST OF PUBLICATIONS. 15 


MARTIN.—THE LIFE OF 
JOHN CLARE, By FREDE- 
RICK MARTIN. Crown буо. 
cloth, 75. 64. 

MASSON.—ESSAYS, 
BIOGRAPHICAL and CRITI- 
CAL; chiefly on the English 
Poets. By DAVID MASSON, 
M.A. Svo. 125. би, 

MASSON.—BRITISH 
NOVELISTS AND THEIR 
STYLES; being a Critical Sketch 
of the History of British Prose 
Fiction. By DAVID MASSON, 
M.A. Crown 8vo. 7s. 6d. 

MASSON.—LIFE of JOHN 
MILTON, narrated in Connexion 
with the Political, Ecclesiastical, 
and Literary History of his Time. 
Vol. I. with Portraits. 18s. 


MASSON.—RECENT 
ВТБ PRILOSQPBUY. A 
Review, with Criticisms. By 
DAVID MASSON, Crown 8yo. 
cloth, 75, 64. 


MAURICE.—WORKS BY 
TNI REV. EREDERICK 
DENISON MAURICE, M.A. 
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EXPOSITORY DISCOURSES 
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THE GOSPEL OF THE KING. 
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THE GOSPEL OF ST. JOHN; 
a Series of Discourses. Second 
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THEEPISTLES OF ST. JOHN ; 
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EXPOSITORY SERMONS ON 
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THE ORDINARY SERVICES. 
Second Edition. Fcap. Svo. 5s. Od. 
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Twelve Sermons on the Occa- 
sional Services. Fcap. 8vo. 4s. 6d. 
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Revelation of St. John the Divine. 
Crown 8үо. 10s. 6d. 


WHAT IS REVELATION? A 
Series of Sermons on the Epiphany, 
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Crown Svo. IOs. 6d. 

SEQUEL TO THE INQUIRY, 
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Svo. 6s. 
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TICAL HISTORY. буо. 10». ба. 
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THROLOGIGAL ESSAYS: 
Second Edition, Crown буо. 
IOs, бї. 

THE DOCTRINE OF SACRI- 
FICE DEDUCED FROM THE 
SCRIPTURES. Cr. буо. 75. 6d. 

THE RELIGIONS OF THE 
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Christianity. Fourth Edition. 
Fcap. 8vo. 55. 
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Fourth Edition. Fcap. буо. 
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LEARNING AND WORKING. 
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25. 6d. each. 


MERIVALE.—KEATS 
HYPERION Rendered into Latin 
Verse. By C. MERIVALE, B.D. 
Second. Жашоон. Royal (сар. буо. 
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TURE and REVELATION, 
sy JAMES MOORHOUSE, 
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ANITY AGREEABLE TO 
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MUND MORTLOCK, B.D. 
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3s. ба. 
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EES. 18mo. 45. б. 


OPPEN.—FRENCH 
READER, for the Use of Col- 
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2 vols. буо. cloth. 26s. 
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including the Laws of Angling. 
By JAMES PATERSON, M.A. 
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Svo. 4s. 6d. 


PAULI.— PICTURES OF 
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PLEA fora NEW ENGLISH 
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POTTER.—A VOICE from 
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LIA: Sermons preached in Mel- 
bourne. By the Rev. ROBERT 
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Svo. 4s. Od. 


PRATT.—TREATISE ON 
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FUNCTIONS, andthe FIGURE 
of the EARTH. By J- М. 
PRATT, М.А. Second Edition. 
Crown 8vo. Os. 6d. 


PROCTER.—A HISTORY 
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PRAYER: with a Rationale of 
its Offices, By FRANCIS 
PROCTER, M.A. Jm Edi- 
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PROCTER.—An ELEMEN- 
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PROPERTY and INCOME. 
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PUCKLE.—AN ELEMEN- 
TARY TREATISE on CONIC 
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GEOMETRY, especially designed 
for the Use of Schools and 
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PUCKLE, М.А. Second Edi- 
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RAMSAY. — THE CATE- 
CHISER’S MANUAL; or, the 
Church Catechism illustrated and 
explained, for the Use of Clergy- 
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ers, By ARTHUR RAMSAY, 
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by EDWARD STURGES,M.A. 
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of Islands Ву BERTHOLD 
DET МАМ, END Кб. 
With Map and Illustrations. 
Demy буо. 145. 
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M.A. Vols. 1 to 6, 8vo. тоғ. 6d. 
each. To be completed in Kight 
Volumes, 


SHAKESPEARE.—THE 
COMPLETE WORKS OF 
WILLIAM SHAKESPEARE, 
The Globe Edition, Edited by 
Ж. С. CLARK and №. A. 
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SIMPSON.—AN EPITOME 
OF THE HISTORY OF THE 
CHRISTIAN CHURCH. By 
WILLIAM SIMPSON, М.А, 
Fourth Edition. Fcp. 8vo. 32, 6d. 
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M.A. With a Map and Notes. 
$vo. 10s. ба. 


TAIT AND STEELE.—A 
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TAYLOR.—WORDS AND 
PLACES; or, Etymological Illus- 
trations of History, Ethnology, 
and Geography. By the Rev. 
ISAAC TAYLOR. Second Edi. 
tion, Crown буо. 12s. 6d. 
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